CERN-PH-TH/2012-150 



Super-Ehlers in Any Dimension 



Sergio Ferrara^'^'^, Alessio Marrani\ Mario Trigiante^ 



^Physics Department, Theory Unit, CERN, 
CH 1211, Geneva 23, Switzerland 
Sergio . ferrara@cern . ch 
alessio .niarrani@cern . ch 

'^INFN - Laboratori Nazionali di Frascati, 
Via Enrico Fermi 40, 1-00044 Frascati, Italy 

^Department of Physics and Astronomy, 
University of California, Los Angeles, CA USA 

^Laboratory of Theoretical Physics, 
Dipartimento di Scienze Applicate e Tecnologia, Politecnico di Torino, 
C.so Duca degli Abruzzi, 1-10129 Torino, Italy 
mario . trigianteQpolito . it 



Abstract 

We classify the enhanced hehcity symmetry of the Ehlers group to extended supergravity the- 
ories in any dimension. The vanishing character of the pseudo-Riemannian cosets occurring in this 
analysis is explained in terms of Poincare duality .The latter resides in the nature of regularly 
embedded quotient subgroups which are noncompact rank preserving. 
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1 Introduction 



Three decades ago it was shown [T] that the D-dimensional Ehlers group SL{D — 2,R) is a symmetry 
of Z)-dimensionaI Einstein gravity, provided that the theory is formulated in the hght-cone gauge. For 
any D ^ 4-dimensional Lorentzian space-time, this results enables to identify the graviton degrees of 
freedom with the Riemannian coset 

_ SLiD-2,R) 

even if the action of the theory is not simply the sigma model action on this coset (with the exception 
of a theory reduced to D = 3). In = 4, this statement reduces to the well known fact that the 
massless graviton described by the Einstein-Hilbert action with two degrees of freedom of ±2 helicity 
has an enhanced symmetry 50(2) — )• 5L(2,M). 

In AA-extended supergravity in D dimensions, C/-dualitj0 symmetries play an important role to 
uncover, in terms of geometrical constructions, the non-linear structure of the theories, whose most 
symmetric one is the theory with maximal supersymmetry {2N = 32 supersymmetries). Furthermore, 
f7-duality symmetries get unified with the Ehlers space-time symmetry if one descends to D = 3 
[H [S]. In the maximal case, the Z) = 3 [/-duality group is -£^8(8) > with maximal compact subgroup 
(mcs) 50(16), which is also the underlying Clifford algebra for massless supermultiplets of maximal 
supersymmetry. As a consequence, the bosonic sector of the theory is described by the sigma model 

Es^s)/so{i6) mum- 

Following these preliminaries, it comes as no surprise that it was further discovered that in light- 
cone Hamiltonian formulation maximal supergravity exhibits -£7(7) symmetry in Z) = 4 [TO] and £"8(8) 
symmetry in D = 3 [llj (for the D = 11 theory, see [9j). Indeed, in any space-time dimension D and 
for any number of supersymmetries J\f = 2N, it is known that the D = 3 [/-duality group [12] 
embeds (through a rank-preserving embedding; for some basic definitions, see the start of App. A) 
the Ehlers group SL{D — 2,M) as a commutant of the [/-duality group [151 [TO] : 

D X SL{D - 2, M). (1.2) 

It is then natural to conjecture that in a suitable light-cone formulation of any AZ-extended super- 
gravity theories x 5L(L> - 2, M) (which we dub super-Ehlers group) is a manifest symmetry of the 
theory. Even if the super-Ehlers group is a bosonic extension of the Ehlers group itself, the presence 
of the [/-duality commutant G^ in (jl.2p is closely related to supersymmetry. It is intriguing to notice 
that the super-Ehlers symmetries, which we classify below in any dimension, sometimes exhibit an 
"enhancement" into some larger groupH; this occurs whenever the embedding ()1.2p is non-maximal, 
and in D = 10 type IIB supergravity. Furthermore, it sometimes occurs that the embedding ()1.2p is 
maximal but non- symmetric, as in D = 11 supergravity. 

At any rate, we will show that the common features of the embedding (|1.2p are at least two (c/r. 
the start of App. A): 

• It is regular and preserves the rank of the group. Indeed, it generally holds that 

rank {G%) = rank (O^) + rank {SL{D - 2, M)) = rank (O^) + D - 3. (1.3) 

The same relation holds for the non- compact rank of these groups, namely the rank of the 
corresponding symmetric Riemannian manifolds of which the groups encode the isometrics: 

(t) - (i) ^ ( - (i) ^ ° - ^ ■ 



^Here [/-duality is referred to as tiie "continuous" symmetries of j2J. Tlieir discrete versions are the [/-duality non- 
perturbative string theory symmetries introduced by Hull and Townsend [3]. 
^For enhancement to infinite symmetries, see [17| . 
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where Hf^ and are the maximal compact subgroups of and G^, respectively. As men- 
tioned above, this does not imply the embeddings to be in general maximal nor symmetric. 

• The pseudo-Riemannian coset resulting from ()1.2p has always zero character [13\ I14j . namely 
it has the same number of compact and non-compact generators. We will show that this latter 
property is related to the Poincare duality (alias electric-magnetic duality) of the spectrum of 
massless p > forms of the theory, which can essentially be traced back to the existence of 
an Hodge involution in the cohomology of the scalar manifold, singling out only the physical 
forms and their duals in the cohomology of the {D — 2)-dimensional transverse space. This 
property also follows from the regularity of the embedding of x SL[D — 2) inside G^, the 
semisimplicity of the two groups and properties ()1.3p . (|1.4p . as it will be shown in Appendix lA.3[ 

There is also another aspect of interest in the present analysis : the role played by exceptional Lie 
groups and their relation to Jordan algebras and Freudenthal triple systems [HI [19]. In particular, 
a mathematical construction, called Jordan pairs (see e.g. [20] for a recent treatment, and a list of 
Refs.) corresponds to the maximal non-symmetric embedding 

i?8(8) :)i?6(6) X SL(3,E), (1.5) 

which is nothing but (|1.2p specified for maximal supersymmetry (A^ = 16) and D = 5. We point out 
that the Jordan pairs relevant for supergravity theories always pertain to suitable non-compact real 
forms of Lie algebras, differently e.g. from the treatment given in |2U| . 

Moreover, it is worth observing that in = 11 supergravity G\q is empty, and thus ()1.2p is the 
following maximal non-symmetric embedding [3]: 

Es^s)^ SL{9,R), (1.6) 

which in fact was used long time ago [21j in order to construct the gravity multiplet of this theory 
|22] . For maximal superg ravity (A = A^ax = 16), ^ reads | 

Es^8) ^ E^i-D{ii-D) X SL{D - 2, M), (1.7) 

where Gf^ = denotes the so-called Cremmer- Julia sequence [ZllS]. The unique exception 

is provided by type IIB chiral D = 10 supergravity, in which (|1.2p is given by a two-step chain of 
maximal embedding^: 

^8(8) 5L(2,M) X ^7(7) 5L(2,M) x 5L(8,M), (1.8) 
which preserves the group rank. 

The plan of the paper is as follows. 

Li Sec. [2] we start by recalling some basic facts on SO{N) Clifford algebras relevant for the clas- 
sification of massless multiplets of A/'-extended supersymmetry in any dimension. Here TV = 2A 
denotes the number of supersymmetries, regardless of the dimension D. Thus, for instance maximal 
supergravity corresponds to TV = 32 (8 spinor supercharges in = 4), whereas the minimal super- 
gravity we consider has TV = 8 (2 spinor supercharges m. D = A). We then proceed to considering the 
embedding ()1.7p pertaining to maximal supergravity in any dimension D ^ 4 (in Z) = 10 both IIA 
and IIB theories are considered). The embedding (|1.2p . which can be regarded as the "non-compact 
enhancement" of Nahm's analysis [21j, in all cases consistently provides the massless spectrum of the 
corresponding theory with the correct spin-statistics content; illustrative analysis is worked out for 

•^This embedding was considered, but not proved, in 15 . A proof is presented in App. |X]of the present paper, 
and "ns" stand for "symmetric" and "non-symmetric" (embedding), respectively. 
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D = 11 and D = 10 maximal theories. Other theories which do not exhibit matter couphng are also 
considered, namely = 10, 12 in D = 4 and = 12 in D = 5. 

In Sec. [3] we consider half- maximal supergravity theories {N = 8), which can be matter coupled 
and exist in all D ^ 10 dimensions; for D = 6 we consider both inequivalent theories, namely the 
chiral (2, 0) (type IIB) and the non-chiral (1, 1) (type IIA) ones. Theories with = 6, living in D = 4, 
are also considered. 

Then, in Sec. H] we consider quarter-maximal theories (A^ = 4), which live in D = 4,5,6 and 
admit two different kinds of matter multiplets. We confine ourselves to theories with symmetric scalar 
manifolds, which (apart from the minimally coupled models in D = 4 and the non-Jordan symmetric 
sequence in D = 5) admit an interpretation in terms of Euclidean Jordan algebras. 

Pseudo-Riemannian cosets associated to the maximal-rank embeddings (jl.2p are then analyzed in 
Sec. [5j All such cosets enjoy the property of having the same number of compact and non-compact 
generators. This is also proven, using general group theoretical arguments, in Appendix IA.31 In 
Subsec. 15.21 this property is related to the invariance of the spectrum of massless bosonic p > forms 
under Poincare- duality, or equivalently in Subsec. 15.31 in terms of an Hodge involution acting on the 
coset cohomology. 

Final remarks and outlook are given in Sec. [6j 

Three Appendices conclude the paper. In App. [XJ some embeddings of non-compact, real forms 
relevant for our analysis are rigorously proved, while in App. [B]the issue of inequivalent "dual pairs" of 
subalgebras of the [/-duality algebra is discussed (see also |23]). The related notions of T-dualities as 
so (8, 8) outer-automorphisms are also dealt with. In App. Othe issue of Poincare duality is revisited 
with an explicit algebraic construction which makes use of appropriate level decompositions. 

2 Clifford Algebras and "Pure" Theories 

In the seminal paper by Nahm [21], it was shown how massless multiplets of supergravity are built in 
terms of irreps. of S0{D—2), the little group (spin) of massless particles in D dimensions. The number 
of supersymmetries 2A^ is encoded in the Clifford algebra of SO{N), and therefore the supermultiplets 
can be regarded as SO (N) spinors decomposed into SO {D — 2) irreps (for theories with particles 
with spin s ^ 2, which we consider throughout, A^max = 16). Bosons and fermions thus correspond to 
the two semi-spinors (or chiral spinors) oo SO{N). 

In any dimension D ^ 4, SO {N) exhibits a certain commuting factor with the massless little 
group SO {D — 2). For "pure" supergravities, in which only the gravity multiplet is present, such a 
commuting factor is the so-called 7^-symmetry of the theory. Then the question arises as to which is the 
non-compact group commuting with the SL[D — 2,M) Ehlers group (which thus extends the massless 
little group including the 7^-symmetry) , and furthermore which is the non-compact group which 
extends the SO{N) of the A^-dimensional Clifford algebra pertaining to 2A^ local supersymmetries. 

In describing massless multiplets of theories with M = 2N local supersymmetries, one consider the 
the rest-frame supersymmetry algebra without central extension. Since the momentum squares to zero 
{P^P^ = 0), only half of the supersymmetry charges survive, and the creation operators of A^ charges 
describe an SO{N) Clifford algebra. Moreover, due to the fact that in D ^ 4 spinors always have real 
dimension multiple of 4, A^ is always even : A^ = 4, 6, 8, 10, 12, 16 (we do not consider here A'^ = 2 at 
D = 4, namely minimal 4-dimensional supergravity with 1 spinor supercharge). It thus comes as no 
surprise that [/-duality groups Gj^ in D = 3 (in which there is only distinction between bosons and 
fermions, but no spin is present for massless states) contain in their mcs the Clifford algebra symmetry 
SO{N). 

Supersymmetry dictates that massless bosons and fermions are simply the two (chiral, semi-) 
®Note that A*' is always even, since for D ^ 4 spinor charges have real dimensions multiples of 4. 

Furthermore, it should be remarked that the cases D — 4, N = 2 and _D = 10, A'^ = 8 are somewhat particular, because 
N — D — 2, so the two Clifford spinors directly provide bosonic and fermionic supermultiplets' representations. 
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spinor irreps. of SO{N), while their spin s content in D space-time dimensions is obtained by suitably 
branching such irreps. into SO{D — 2), which is the little group (spin) for massless particles in D 
dimensions. 

In the present Section we consider "pure" theories in which the matter coupling is not allowed; 
they include maximally supersymmetric {N = 16) theories in any dimension D ^ 11, as well as non- 
maximal theories with = 10, 12 in D = 4 and = 12 in D = 5. For such theories, the Clifford 
algebra SO{N) is nothing but the mcs of the [/-duality group in D = 3; for non-maximal theories 
{N < 16), this is true up to the presence of the so-called Clifford vacuum factor group, which expresses 
further degeneracy of the Clifford algebra symmetry. Moreover, the group = mcs (G^) which 
commutes with SO{D — 2) inside SO{N) is the 7^-symmetry, providing the degeneracy of the spin s 
representations in the decomposition of the chiral spinors under the embedding^ [21] 

SO{N) D X SO{D -2)j (2.1) 

which is the (not necessarily maximal-rank, nor maximal nor symmetric) counterpart of (jl.2|) at the 
level of mcs. The subscript "J" denotes the spin group throughout. 

2.1 N =16 (Maximal) 

For maximal {N = 16) supergravity theories with massless particles, the D = 3 [/-duality group 
is = -^8(8), with mcs 5*0(16), which is the Clifford algebra for massless particles with J\f = 
32 supersymmetries. (|1.7|) provides the rank-preserving embedding of Z)-dimensional Ehlers group 
SL {D — 2,M) into £^8(8)- The group commuting with SL {D — 2,M) inside £"8(8) is nothing but the 
D-dimensional [/-duality group G^q = belonging to the so-called the Cremmer-Julia 

sequence. All cases in 4 ^ D ^ 11 dimensions are reported in Table 1 (non-compact level ()1.2p - (|1.7p ) 
and in Table 2 (mcs level ()2.ip ). In particular, in Table 2 also the decomposition of the vector irrep. 
16 of the Clifford algebra 50(16) = mcs (£'8(8)) of maximal {N = 16 — >■ = 32) supersymmetry is 
reported for the embedding (|2.ip pertaining to this case, namely [5T] (see also [21]): 

50(16) D n]^ X SO{D - 2)j, (2.2) 

where, as mentioned above, TZ]^ = mcs [G^) = Hjj is the 7?.-symmetry of the maximal supergravity in 
D (Lorentzian) space-time dimensions. Note that the irrep. of SO{D — 2) occurring in the branching 
of the 16 along ()2.2p are all spinors, and the 7^-symmetry TZ]^ is real, pseudo-real (quaternionic) , 
complex, depending on whether such spinor irrep. is real, pseudo-real or complex, respectively. 

Let us scan them briefly (as anticipated, for D = 11 and D = 10 the massless spectrum analysis is 
also worked out, as an example of the consistence of the embeddings with the massless spectrum of 
the corresponding theory). For convenience of the reader, we anticipate that the embeddings (|1.2p and 
()2.ip are maximal in D = 11, 7, 5 (non-symmetric) and 4 (symmetric), while they are next-to-maximal 
in D = 10, 9, 8, 6; in these latter cases, an "enhancement" of ^ ~ 2, IK) occurs (see 

analysis below). 

1. D = 11 (M-theory). There is no continuous [/-duality (and thus 7^-symmetry) group, and (|1.7p 
specifies to ()1.6p . namely the maximal non-symmetric embedding of the Ehlers group 5L(9, M) 
only: 

£8(8) ^ns 5L(9, M); , . 

248 = 80 84 + 84', ^ ' ^ 

where 84 and 84' are the 3-fold antisymmetric of 5L(9,M) and its dual; they correspond to 
gauge fields coupling to M2 branes and Mb branes, respectively. The corresponding mcs level 

^Further commuting factor group occurs in the l.h.s. of (|2.ip in non-maximal (A'^ ^ 16) theories; see analysis below. 
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Table 1: Embedding G% D x SL{D - 2,M) Q for maximal supergravity theories (A^ = 16) in 
11 ^ ^ 4 Lorentzian space-time dimensions [ISJITB]. is the [/-duahty group in D dimensions 
for the theory with TV = 2N supersymmetries. SL{D — 2, M) is the Ehlers group in D dimensions. For 
= 16, Gfg = -^8(8); s-iid = i?ii-D(ii-D) befongs to the Cremmer-Juha sequence; thus, ()1.7p is 
obtained. The type (max(imal), n(ext-to-)m(aximal), s(ymmetric), n(on-)s(ymmetric)) of embedding 
is indicated. Exphcit proofs are given in App. El 

is given by the specification of ()2.ip to the following non-symmetric embedding of the massless 
spin group SO (9) only: 

50 (16) (9) . (2.4) 

For what concerns the massless spectrum, one considers the maximal symmetric embedding 

^8(8) "^''s SO (16) : 248 = 120 + 128, (2.5) 

where 128 is one of the two chiral spinor irreps. of SO (16). Under ()2.4p . such two chiral irreps. 
^For further subtleties concerning exceptional Lie algebras, see [23] and App. |B] further below. 
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Table 2: Embedding H% D x SO{D - 2) I^J^ [2T] for maximal supergravity theories (A^ = 16) 
in 11 ^ ^ 4 Lorentzian space-time dimensions. In this case, as for ah "pure" theories, is the 
7^-symmetry for the theory with J\f = 2N supersymmetries. SO{D — 2) is the httle group (spin group) 
for massless particles. In this case, H'^^ = 5'0(16) is the Clifford algebra of maximal supersymmetry. 



128 and 128' further decompose as follows: 



SO (16) SO (9) : <^ 



' 128 = 84 + 44; 
128' = 128, 



(2.6) 



where, on the right-hand side, 44, 84 and 128 are the rank-2 symmetric traceless, the rank-3 
antisymmetric and the gamma-traceless vector-spinor irreps. of the massless spin group SO{Q), 
respectively. Thus, ()2.6p establishes the chiral spinor irrep. 128 of the Clifford algebra 50(16) 
to be irrep. pertaining to the massless bosonic spectrum (it branches into the graviton 44 and 
the 3-form 84), whereas its conjugate semi-spinor irrep. 128' pertains to the massless fermionic 
spectrum of M-theory (it corresponds to the D = 11 gravitino). 



2. In D = 10 type IIA theory the [/-duality is 



10 IIA 



50(1, 1) (and thus no continuous 7?.- 
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symmetry); since this theory is obtained as the Kaluza-Klein 5'^-reduction of M-theory, the 
relevant chain of maximal embeddings reads 

^8(8) ^ns SL{9, R) Z)s SO{l, 1) X SL{8, M); (2.7) 

note the "enhancement" to 5'L(9,M), consistent with the M-theoretical origin of II A theory. 
The corresponding mcs level is 

SO (16) DnsSO{9):^sSO{8), (2.8) 

where 50(8) is the massless spin group. Throughout our analysis, we dub "next-to-maximal" 
(nm) those embeddings given by a chain of two maximal embeddings; note that all nm em- 
beddings considered in the present investigation are of maximal rank, namely they preserve the 
rank of the original group. For what concerns the IIA massless spectrum, one considers the 
branchings of 128 (bosons) and 128' (fermions) of the Clifford algebra SO (16) under the nm 
embedding (|2.8p : 

128 = 84 + 44 = 56^ + 28 + 35^ + 8^ + 1; (2.9) 
128' = 128 = 56^ + 56c + 8, + 8c, (2.10) 

where the subscripts "f", "s" and "c" respectively stand for vector, spinor, conjugate spinor, 
and they pertain to the triality of SO{8), the little group (spin group) of massless particles 
in D = 10. 56j, 28, 35j and 8^ (i = v,s,c) are the rank-3 antisymmetric, adjoint, rank-2 
symmetric traceless and vector/spinor irreps. of S0{8), respectively. Thus, the branching (|2.9p 

(3) 

consistently pertains to the IIA massless bosonic spectrum : 3-form CfiJp (56^,), i?-field B^,y 
(28), graviton g^,^ (35^,), graviphoton cj^^ (8^) and dilaton scalar field (1). On the other 
hand, the branching ()2.10p pertains to the IIA massless fermionic spectrum : gravitinos 56^ and 
56c (s = 3/2 Majorana-Weyl spinors of opposite chirality), and gauginos 8s and 8c (s = 1/2 
Majorana-Weyl spinors of opposite chirality). This non-chiral spectrum can also be deduced by 
dimensional reduction of the maximal super symmetric supermultiplet of D = 11 supergravity 
(M-theory). 

3. On the other hand, in = 10 type IIB theory the JJ-duality is = SL{2,R), and its 

mcs is the 7^-symmetry U{1), and the relevant nm embedding is given by (jl.Sp . which we report 
here: 

^8(8) SL{2,R) X Ej(^7) Ds SL{2,R) x 5L(8,M); (2.11) 

SO (16) Ds U{1) X SU{8) Ds U{1) X SO{8)] (2.12) 

note the "exceptional enhancement" to -£^7(7) in (|2.1ip . For what concerns the IIB massless 
spectrum, one considers the branching of 128 (bosons) and 128' (fermions) of the Clifford 
algebra SO (16) under the nm embedding ()2.12p . Under the decomposition 



SU{8) Ds SO{8) 
8 = 8 s, 



(2.13) 



one obtains (disregarding U{1) charges) 



128 = 70o + 28+28 + l + l = 35^ + 35c + 28 + 28 + l + l; (2.14) 
128' = 56 + 56 + 8 + 8 = 56^ + 56^ + 8^ + 8^. (2.15) 

Note that, upon (j2.13p . the rank-4 antisymmetric self-real irrep. 70 of SU{8) breaks into 35^, + 
35c of 5*0(8). Thus, the branching ()2.14p consistently pertains to the IIB massless bosonic 
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spectrum: graviton g^y (35^), 4-form C^^^ (35c), 5-field B^.^ (28), 2-form 0}^} (28), and two 
scalar fields, namely the dilaton cfiiQ and the axion C^^^ (1 + 1). On the other hand, the branching 
()2.15p pertains to the IIB massless fermionic spectrum : gravitinos 56^ and 56^ (s = 3/2 
Majorana-Weyl spinors of same chirality) and gauginos 8^ and 8^ {s = 1/2 Majorana-Weyl 
spinors of same chirality). This spectrum is chiral and hence cannot be obtained by dimensional 
reduction of the D = 11 M-theory supermultiplet. 

4. In D = 9 the iJ-duality is G^q = GL(2,M) = ^2(2), and its mcs is the 7^-symmetry U{1). 
There are two possible chains of maximal embeddings, which are equivalent up to redefinitions 
of SO{l, 1) weights. The first chain, pertinent to a dimensional reduction of M-theory, gives 
rise to a nm embedding: 

Eg^s) ^ns SL{9,R) Ds GL{2,R) x SL{7,R)- (2.16) 

S0(16) Dns S0{9) Ds U{1) X SO{7), (2.17) 

whereas the second, pertaining to a Kaluza-Klein S'^-reduction of D = 10 IIB theory, determines 
a "next-to-next-to-maximal" {nnm) embedding, because it is 3-stepwise (it is given by a further 
branching of IIB chain ()2.1ip ): 

^8(8) SL{2,R) X ^7(7) Ds SL{2,R) x SL{8,R) GL{2,R) x SL{7,R); (2.18) 

SO (16) Ds U{1) X SU{8) Ds U{1) X S0{8) Ds U{1) x S0{7). (2.19) 

Besides being equivalent, ()2.16p - (|2.17p and ()2.18p - ()2.19p are consistent, because type IIA and 
IIB theories are equivalent in ^ 9 dimensions (except for half-maximal supergravity in D = 6; 
see further below). 

5. In D = 8 the [/-duality is Gfg = SL(2,R) x SL{3,R) = -£'3(3), and its mcs is the 7^-symmetry 
U{1) X SU{2) ~ U{2). The relevant nm embedding readfl {S0{6) ~ SU{4)) 

£^8(8) ^ns Eq^q) X SL{3,R) Ds SL{2,R) x SL{3,R) x SL{6,R); (2.20) 

SO{W) Dns USp{8) X SU{2) Ds U{1) X SU{2) x Sf/(4); (2.21) 
note the "exceptional enhancement" to Eq^q-^ in (|2.20p . 

6. In D = 7 the [/-duality is Gjg = SL{5,R) = -£4(4), and its mcs is the 7?--symmetry SO{5) ~ 
USp{A). The relevant embedding is maximal non-symmetric: 

^8(8) ^ns SL (5, R) X SL{5, R); (2.22) 

50(16) Dns USp{A) X USp{A). (2.23) 

Note that in this case there is perfect symmetry between the 7?.-symmetry and the massless spin 
sectors. 

^ (|2.2ip is the n — 4 case of the maximal non-symmetric embedding pattern 

SO (4n) D„« SU (2) X USp (2n) ; 

Adjgo(4„) = Adjsy(2) + Adjysp(2n) + (3, A2,o), 
where A2,o is the rank-2 antisymmetric skew-traceless irrep. of USp (2n). For the first appearance of such an embedding 
in supersymmetry, see |25j . 
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7. In D = 6 (non-chiral (2,2)) maximal theory, the J7-duality is Giq = 50(5,5) = £"5(5), and its 
mcs is the 7^-symmetrjo SO{5) x SO{5) ~ USp{4)l x USp{4)ji. The relevant nm embedding 
reads (50(4) ~ SU{2) x SU{2)) 

^8(8) SO (8, 8) Ds SO (5, 5) X SO (3, 3) ~ SO (5, 5) x SL (4, M) ; (2.24) 

50(16) 50(8) X 50(8) 50 (5)^ x SO (3) x SO (5)^ x SO (3) , . 

- USp{A)l X [/5p(4)r X 5C/(2)i x SU{2)r- ^^■^^> 

note the "enhancement" to SO(8, 8) in (j2.24p .Note that in this case both the 7^-symmetry and 
massless spin groups factorize in the direct product of opposite chiralities identical factors. The 
corresponding Jordan algebra interpretation of (|2.24p is as follows: 



QConf [J^'j D Stro [^Jp j x SL (4, M) , (2.26) 

where J^" and ~ Ts^s are the rank-2 and rank-3 Euclidean Jordan algebras over the split oc- 
tonions O^, and QConf and Stro respectively denote the quasi- conformal and reduced structure 
group£^ (see e.g. [19] and Refs. therein). 

8. In D = 5 the [/-duality undergoes an exceptional enhancement : Ofg = £^6(6)) ^^'^ its mcs is 
the 7^-symmetry USp{8). The relevant embedding is maximal non-symmetric, and it is given 
by ()1.5p . which we report here (note that it is the first step of nm embedding (|2.20p - (|2.2ip ): 

^8(8) ^n.^6{6) xSL(3,M); (2.27) 

SO(16) Dns USp{8) x SU{2). (2.28) 
The corresponding Jordan algebra interpretation of ()2.27p is as follows: 



QConf i^J^'j D Stro i^J^' ) x SL (3, M) , (2.29) 

and it is a particular non-compact, real version of the Jordan-pair embeddings of exceptional 
Lie algebras recently considered in |20] . Note that the SU{2) in (j2.28p is the principal SU{2) in 
SL(3,]R) in STm . 

9. In D = 4 the [/-duality is Cfg = -£^7(7), and its mcs is the 7^-symmetry S[/(8). The relevant 
embedding is maximal symmetric (note that it is the first step of chains ()2.1ip - ()2.12p and ()2.18p - 

^8(8) D.^7(7) X SL(2,M); (2.30) 
S0(16) Ds SU{8) X [/(I). (2.31) 
The corresponding Jordan algebra interpretation of ()2.30p is as follows: 

QConf (^Jg®^) D Conf (^J^^^ x SL (2,M) , (2.32) 

where Conf denotes the conformal group of J^'' (see e.g. [19J and Refs. therein). Similar 
Jordan-algebraic interpretations can be given for other supergravities in various dimensions. 



"Subscripts "L" and "R" denote left and right chirality, respectively. 

^"in theories related to Euclidean Jordan algebras J3 of rank 3, the quasi- conformal QConf (J3), conformal Conf (J3) 
and reduced structure Stro ( J3) groups are the i7-duality groups in D = 3, 4 and 5 dimensions, respectively. In particular, 
Conf (J3) is nothing but the automorphism group Aut {DJl (J3)) of the corresponding Freudenthal triple system [181I19| . 
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2.2 N=12 



In the "pure" theory with N = 12, the D = 3 [/-duahty group is Gfg = Ej(^_^-^, with mcs 50(12) x 
SU{2)cvi where 5'0(12) is the Chfford algebra for massless particles with M = 24 super symmetries. 
The SU(2)cv factor pertains to the so-called Clifford vacuum {CV), which is generally present for 
non-maximal theories {N < 16), and it indicates further degeneracy of the Clifford algebra symmetry. 
In this case, SU{2)cv can be also explained by recalling that this theory shares the very same bosonic 
sector of a matter- coupled supergravity with = 4 ^18j, in which it is the 7^-symmetry of the 
hypermultiplets' sector. 

This theory can consistently be uplifted only to -D = 4 and D = 5. 

1. In L> = 5 the [/-duality is Gfs = SU*{6), and its mcs is the 7^-symmetry USp{6). The relevant 
embedding is maximal non-symmetric: 

^7(-5) :5ns SU* (6) X (3, R) ; (2.33) 

50(12) X SUi2)cv ^ns USp{Q) x SU{2)j, (2.34) 

where we introduced the subscript "J" in order to discriminate between the Clifford vacuum 
SU{2)cv and the SU{2)j pertaining to the massless spin group in D = 5. Note that the 
embedding (j2.33p is maximal non-symmetric, while the embedding (j2.34p is non-maximal non- 
symmetric. 

2. In L> = 4 the [/-duality is = 5'0*(12), and its mcs is the 7^-symmetry [/(6). The relevant 
embedding is maximal symmetric: 

^7(_5) Z)s SO* {12) X SL (2, M) ; (2.35) 

50(12) X SU{2)cv :3s 5[/(6) x [/(I) x [/(l)j, (2.36) 
and it pertains to the so-called c*-map (see e.g. [27\, and Refs. therein). 

2.3 iV=10 

In the "pure" theory with N = 10, the D = 3 [/-duality group is Ofg = -E'6(-i4)) with mcs 50(10) x 
50(2)cy, where 50(10) is the Clifford algebra for massless particles with M = 20 supersymmetries. 
In this case, S0{2)cv can be also explained as [add. . .] 

This theory can be uplifted only to D = A, in which the [/-duality is Ofg = 5[/(5, 1), and its mcs 
is the 7^-symmetry U{5). The relevant embedding is maximal symmetric: 

^6(-i4) ^s 5[/(5, 1) X SL (2, M) ; (2.37) 

50(10) X 50(2)c;y Ds 5[/(5) x [/(I) x U{l)j. (2.38) 

3 iV = 8, 6 Matter Coupled Theories 

3.1 N = 8 

Half-maximal theories with N = 8 exist in 3 ^ D ^ 10; moreover, for D = 6 two inequivalent theories 
exist, i.e. the non-chiral IIA (1,1) and the chiral IIB (2,0). 

The D = 3 [/-duality group is Gg = SO {8, D — 2 + m), where m is the number of matter multiplets 
in D = 3 other than those coming from the reduction of the gravity multiplet in D dimensions. 
Furthermore, mcs {Gf} = 50(8) xSO{D-2 + m)(.y, where 50(8) is the Chfford algebra for massless 
particles with A/ = 16 supersymmetries, and SO {D — 2 + rn)(jy is the Clifford vacuum symmetry. 
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The relevant chain of maximal embeddings leading to the embedding of the D-dimensional Ehlers 
group SL {D — 2, M) into SO (8, — 2 + m) depends on the dimension and on the type of theory. We 
anticipate that embeddings ()1.2p and (|2.ip are maximal in D = 4 (symmetric) and next-to-maximal 
in 5 ^ L> ^ 10. 

• For D ^ 5 (and D = 6 type IIA (1, 1)), it is given by the following chain of two maximal 
symmetric steps: 

SO{8,D-2 + m) Ds SO{D -2,D -2) X SO (10 - D,m) 

Ds SL {D - 2, M) X 50(1, 1) X SO (10 - D, m) ^ ' 

The group commuting with SL {D — 2, M) inside SO (8, D — 2 + m) is nothing but the D-dimensional 
[/-duality group = 50(1, l)x50 (10 - L>, m). Note the "enhancement" to SO{D -2,D -2)x 
5*0(10 — D,m). Furthermore, it is worth remarking that also for m = the Clifford vacuum 
degeneracy is still present with an SO {D — 2)f-,y factor; this is an extra spin quantum number 
carried by the 50(8) Clifford algebra spinor. In fact, by considering the mcs level of the chain 
(13.11). one obtains 



50 (8)ciifford X 50 (D - 2 + m)cy 50 (i:> - 2) x SO {D - 2)cy x SO (10 - D) x 50 (m)^y 

SO {D - 2) J x 50 (10 - D)^ X 50 {m)^,y , 

(3.2) 

where the D-dimensional massless spin group 50 {D — 2)j = mcs (SL (D — 2,M)) is diagonally 
embedded into SO [D - 2) x SO {D - 2)^^, and the 7^-symmetry is 50(10 -D). SO {m)(jy is 
the part of Clifford vacuum symmetry due to matter coupling. 

• For D = 4, the maximal symmetric embedding reads: 

SO (8, 2 + m) 50 (2, 2) x SO (6, m) ~ 5L(2, M)Ehiers x 5L(2, M) x 50 (6, m) , (3.3) 

and it pertains to the so-called c*-map (see e.g. [27j, and Refs. therein). The group commuting 
with 5L(2, M) 

Ehlers inside SO (8, 2 -|- m) is the 4-dimensional [/-duality group — 5L(2,M) x 
50(6, m). Also in this case for m = the Clifford vacuum degeneracy is still present with 
an SO{2)(-,y factor. In fact, by considering the mcs level of (|3.3|) . one obtains the following 
maximal symmetric embedding (50(6) ~ 5[/(4)): 

'50(8)cHffordX'50(2 + m) 

SO (2) J X SO {2)cy X so (6) x SO{m)cv ~ U x U (4)^ x SO{m)cv, ^ 

where SO{2) j = mcs (5L(2, M)Ehicrs), and the 7^-symmetry is 50(2),^^^ x 50 (6) ~ C/(4)7j. 
Moreover, 50 {m)(jy is the part of Clifford vacuum symmetry due to matter coupling. 

• For D = 6 type IIB (2,0), it suffices to start with 50 (8,3 -|- m), and the maximal symmetric 
embedding reads as follows: 

50 (8, 3 + m)Ds SO (3, 3) x 50 (5, m) ~ 5L(4, M) x 50 (5, m) . (3.5) 



The group commuting with 5L(4,R) inside 50(8, 4 -|-m) is the 6-dimensional type IIB U- 

(3.6) 



duality group Gg'^^'^ = SO (5,m). The corresponding mcs level reads 
^0(8)cHffordX50 (3 + m) 

CV 



Ds (50(3) X 50 (3)) J X SO (5)^ x SO{m)cv ~ S0{4:)j x USpiA)^^ x SO{m)cv, 

where 50(4)j = mcs (5L(4, M)Ehicrs)5 and the 7^-symmetry is 50(5) ~ USp{A). Furthermore, 
SO {m)(jy is the part of Clifford vacuum symmetry due to matter coupling. 

All cases in 4 ^ D ^ 10 dimensions are reported in Tables 3 and 4. 
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D 


.9(9 f8 D - 2 + rTi") (7l (m^ x .S'LfD — 2 Ml 

\^ 1 ^ 1 lit] ^ \^ \l 1 t J /N ^ J-/ 1 ±^ ^ ^ 1L\^ 1 




1 n 
iU 


jU [o, + m) _j dU[i, I) X dU [m ) x d t [o, K) 


77.771, TIS 


n 

y 


DCI^O, ( -\- m) _J DU[1, 1) X oCl^ijTTlj X DLi [1 , K) 


71777 , 77S 


Q 


dU [o, -\- m) _j jU[1, 1) X jU [Z, m) x Dij(D,Kj 


77777, 77S 


/ 


oC(^0,D + 7T1.j J) 017(^1, ij X DU [o, m) X D-L(0,Mj 


71777 , 77S 


R T T A 


Q/O fQ A J_ m\ Q^lf^ 1 \ V /'/I V QT ( A Tn>\ 
DC(^0,4 + ?TT,j J DCy(^i,ij X 0(7(^4,771] X 0-L(4,Kj 


77777 , 77S 


0, lit) 


oU 6 -\- m) _J OU [0,771) X jLi[^j K) 


max, s 


c: 



jLJ yo, o -r Til) _J DKjyL, i.) X Dly(^0,y7lJ X o ij\o,M^) 


TLTTl, 775 


4 


so (8, 2 + m) D (SL(2, E) x S(9 (6, m)) x SL{2, R) 


777aX, S 



Table 3: Embedding Gg D x SL{D - 2,R) (fL2]) for half-maximal supergravity theories {N = 8) 
in 10 ^ D ^ 4 Lorentzian space-time dimensions. 

3.2 A^ = 6 

Theories with = 6 exist only in D = 3, 4. 

The D = 3 [/-duality group is Gq = SU{4,m + 1), where 77i is the number of matter multiplets 
in D = 3 other than those coming from the reduction of the gravity multiplet in 4 dimensions. 
Furthermore, mcs(Gg) = S'C/(4) x U {m + l)cv^ where SU{A) ~ SO{6) is the Clifford algebra for 
massless particles with Af = 12 supersymmetries, and U [m + l)cv Clifford vacuum symmetry. 

The embedding of the 4-dimensional Ehlers group SL{2,R) into SU{4:,m + 1) is maximal and 
symmetric: 

5C/(4,7n + l) 5L(2,M) X [/(3,7n), (3.7) 

and at the mcs level: 

SU{A) xSU{m + l)x U{1) U{l)j x U{3) x U{m), (3.8) 

where D = A [/-duality group is G| = SU{3,m), and the 7^-symmetry is U{3). U{m) is the D = A 
Clifford vacuum symmetry, which is related to the number of matter multiplets. 
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D 


fSl X SO (D -2 + m) (m) x .SOfD - 21 




1 n 
iU 


(jC(^oj X oU \o -\- m) _j dU [m ) x ou [o) 


71771, 71S 


n 

y 


dU [o) X dCI^i -\- m) _j oU [m ) x DC ( < j 


71771, 71S 


Q 

o 


OU [o) X OC(^D + ?n,j J DU [Z) X DC^TTJj X DCy(Dj 


71771, 71S 


7 
( 


DU [0) X OC(^0 + 77T,j J jU [oj X DC (^TTl j X DC (Oj 


71771, 71S 


P. T T A 


DC(^oj X DC(4 + ?7lj _J jU [^) X jU [m) X DC(^4j 


71771, 71S 


P. T T 
D, 1 1 D 


oU [oj X DC(^o + ?nj J oU [0) X DC j x jU(^) 


max, s 


c; 



DC^^oJ X DC(^0-|-y7lJ J DCl^OJ X DC (^f/l J X DCl^Oj 


TLTTL, TIS 


4 


so (8) X so (2 + m) D {S0{2) x SO (6) x SO (m)) x S0(2) 


max, s 



Table 4: Embedding iff D -fff* x S'0(-D-2) ([2TT]) [21j for half -maximal supergravity theories {N = 8) 
in 10 ^ ^ 4 Lorentzian space-time dimensions. Since matter coupling is allowed, and in general 
entail both half-maxim,al 7^-symmetry and Clifford vacuum symmetry. 

4 = 4 Matter Coupled Symmetric Theories 

Quarter-maximal theories with = 4 exist in 3 ^ D ^ 6; in particular, in D = 6 they are chiral (1,0) 
theories. The new feature of = 4 theories is the possible existence of two different types of matter 
multiplets, namely vector and hyper multiplets, transforming in different ways under the 7^-symmetry, 
which is U{2) in D = 4 and USp{2) in D = 5, 6. 

In the following treatment, we will only consider theories based on symmetric Abelian-vector mul- 
tiplets' scalar manifolds, which is a restriction to -D = 4 (Kahler) and D = 5 (real) special geometry; 
these theories will be denoted a£3 symmetric N = 4 theories. 

In D = 4, 5, symmetric theories are classified by two infinite sequences, as well as by isolated cases 
given by the so-called "magical" models. 

We will also not consider the (-D-independent) hypermultiplets' quaternionic scalar manifolds. 

^^We will not consider here the so-called non-Jordan symmetric sequence (see e.g. [28] and Refs. therein) in D = 5, 
based on vector multiplets' real special symmetric scalar manifolds ^^^j^, which gives rise to non-symmetric coset 
manifolds in D = 4 and in D = 3. 
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For = 4, we recall that the Clifford algebra decomposes as 

SO{A)^ SU{2),xSU{2)h, (4.1) 

where SU{2)^ pertains to the D = 2> reduction of D = 4 vector multiplets, while SU{2)h is related to 
the hypermultiplet sector, which is insensitive to the number of space-time dimensions in which the 
quarter-maximal theory is defined (namely, 3 ^ -D ^ 6). Since we disregard hypermultiplets, in the 
treatment below we only consider SU{2)v (and thus we remove the subscript "f"), which will be a 
commuting factor in the mcs of the D = ?> ?7-duality group G\. 



4.1 Minimal Coupling Infinite Sequence and "Pure" D = A Supergravity 

We start by considering the infinite sequence of D = 3 quaternionic Kdhler symmetric spaces 

SU{2,l + n) 
SU{2) X SU{l + n) X [/(!)' 



(4.2) 



which can be uplifted only to = 4, giving rise to Maxwell-Einstein supergravity models minimally 
coupled to n vector multiplets [31] . The D = 3 ?7-duality group is G\ = SU (2, 1 + n). 

The embedding of the 4-dimensional Ehlers group SL(2,M) into SU{2,n + 1) is maximal and 
symmetric: 

5;7(2,1 + n) 5L(2,M) X C/(l,n), (4.3) 

and at the mcs level: 



SU{2) X SU{l + n)x U{1) U{l)j x U{n) x U{l)n, (4.4) 

where D = A [/-duality group is G4 = U{l,n). U{1)ti in (j4.4p is the part of = 4 7^-symmetry U{2) 
under which the D = 4 vector multiplets are charged, whereas the U (n) factor correspond to D = 4 
Clifford vacuum symmetry (completely due to matter coupling). 
By merging (j4.3|) and (j4.4|) . the following c-map is obtained [29j : 

= ^^(1,^) c SU{2,l + n) 

" Uin) SU{2)xSUil + n)xU{l)' ^ ' 

where CP"" denotes the complex projective (non-compact) spaces. 

Note that for n = the quaternionic manifold (|4.2p is not only Kahler, but also special Kdhler, 
and it is an example of Einstein space with self-dual Weyl curvature (see e.g. [32], and Refs. therein). 
It is usually called the universal hypermultiplet, and it corresponds to the c-map of "pure" N = 2 
supergravity in D = A, obtained as "n = limit" of the CP" sequence; namely, by specifying n = in 
(F3D [29i: 

^ . (4.6) 

Correspondingly, for n = (j4.3|) and (j4.4|) respectively read 

SU{2, 1) SL{2,W) X U{1) ~ U{1, 1); (4.7) 

SU{2) X U{1) Ds U(l)j X U(l)n, (4.8) 

and thus the 4 bosonic massless states of Af = 2, D = 4 "pure" supergravity are in the 2c of 
SU{2) X U{1) ~ U{2) = mcs {SU{2, 1)). 



15 



4.2 "Pure" D = 5,Q Supergravity and and ST^ Models in D = 4 
4.2.1 D = 5 

Within the framework under consideration, "pure" D = 5 supergravity can be obtained as D = 5 
uphft of the so-called M = 2, D = A model, whose vector multiplet's scalar span the symmetric 
special Kahler manifold 5L(2,M)/[/(l) (with Ricci scalar curvature R = —2/3 [3^), and whose D = 2> 
?7-duality group is G\ ,j,i = ^2(2) • 

The embedding of the 5-dimensional Ehlers group SL (3, M) into ^,3 is maximal and non- 
symmetric (see e.g. and Refs. therein): 

G2(2) 5L(3,M), (4.9) 

and at the mcs level: 

SU{2) X SU{2) Ds SO{3)j ~ SU{2)j, (4.10) 

where the D = 5 massless spin group SO{3)j is diagonally embedded into SU{2)xSU (2) = mcs (^2(2)) • 
The 8 bosonic massless states of = 2, D = 5 "pure" supergravity are in the (4, 2) of mcs (^2(2)) 
itself. 

By merging ()4.9p and ()4.10p . the following c-map is obtained^ [29]: 



SL{2, 



U{1) 



^2(2) 



(4.11) 



^3 SU{2)xSU{2)' 

The corresponding Jordan algebra interpretation of (j4.9|) reads 

QConf (M) Ds SL{3, M), (4.12) 

because the model is related to the (non-generic) simple rank-3 Euclidean Jordan algebra given by 
the reals M (see Tables 5-8). 



4.2.2 D = 6 

Analogously, "pure" D = 6 (1,0) chiral supergravitJ^ can be obtained as = 6 uplift of the so- 
called Af = 2, D = A ST'^ model, whose vector multiplets' scalars span the symmetric special Kahler 
manifold [S'L(2, M)/C/(l)]^ and whose D = 3 [/-duality group is Gl g^2 = 50(4,3). 

The embedding of the 6-dimensional Ehlers group SL (4, R) into is maximal and symmetric: 

50(4, 3) 50(3,3) ~ 5L(4,M), (4.13) 

and at the mcs level: 

50(4) X 50(3) 50(3) x 50(3) ~ 50(4)j, (4.14) 

where the D = 6 massless spin group is 50 (4) j. The 12 bosonic massless states of "pure" D = 6 
(1, 0) supergravity are in the (4, 3) of 50(4) x 50(3) = mcs {SO (4, 3)). 
By merging ()4.13p and ()4.14p . the following c-map is obtained [29]: 

" 5L(2,R) 

Attention should be paid to distinguish | ^ (i? = — 2/3) from the n = 1 element of the CP" infinite sequence 

treated above, namely the CP^ space (axio-dilatonic Af = 2, D = 4 supergravity), which has R = —2. Note that R = —2 
and 7? = —2/3 are the unique two values for which the Kahler manifold "^^^^^^ is a special Kahler manifold 30 . 

^^We here disregard the various conditions to be fulfilled for anomaly-free chiral supergravity theories in D = 6 (see 
e.g. [33]). 



50 (4,3) 
50(4) X 50(3)' 



(4.15) 
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The corresponding Jordan algebra interpretation of ()4.13p reads 

QConf (M e ri,o) SL{4:, R), (4.16) 

because the ST'^ model is related to the (non-generic) semi-simple rank-3 Euclidean Jordan algebra 
given by M e Ti^o ~ K M. 

4.3 The Jordan Symmetric Infinite Sequence 

The aforementioned ST^ model is actually the first element of the so-called Jordan symmetric sequence 
of quarter-maximal theories. 

The D = 3 [/-duality group is Gl = SO {4, D - 2 + n), where n is the number of matter multiplets 
in D = 3 other than those coming from the reduction of the gravity multiplet in D dimensions. 
Furthermore, mcs(G|) = SO{4) x SO {D - 2 + n)cv; as mentioned, SO{A) ~ SU{2)^ x SU{2)h is 
the Clifford algebra for massless particles with Af = 8 supersymmetries, and SO {D — 2 + n)^y is the 
Clifford vacuum symmetry. 

Let us consider the relevant chain of maximal embeddings leading to the embedding of the D- 
dimensional Ehlers groupEI SL {D - 2, M) into SO{A,D - 2 + n). 

4.3.1 D = Q 

In D = 6, it suffices to start from G\ = (4, 3 -|- n), and the corresponding maximal symmetric 
embedding reads 

SO (4, 3 + n) SO (3, 3) x SO (1, n) ~ SL (4, M) x SO (1, n) , (4.17) 
and at the mcs level: 

SO (4) X (3 + n) SO (3) x SO (3) x x50 (n) ~ SO (4) x SO (n) , (4.18) 

where n is the number of matter (tensor) multiplets in D = 6. The group commuting with SL (4, M) in- 
side SO (4, 3 + n) is nothing but the 6-dimensional [/-duality group of tensor multiplets G\ = 50(1, n). 

4.3.2 L» = 5 

For D = 5, one branches once more from ()4.17p . getting: 

SO (4, 3 + n) SL (4, M) x SO (1, n) Ds SL (3, M) x S0{1, 1) x SO (1, n) , (4.19) 

and at the mcs level: 

SO (4) X 50 (3 + n) 50 (4) x SO (n) 50 (3) x SO (n) , (4.20) 

where n+1 is the number of matter (vector) multiplets in D = 5. The group commuting with SL (3, M) 
inside 50 (4, 3 -|- n) is nothing but the 5-dimensional [/-duality group Of = 50(1, 1) x 50(1, n). Note 
the "enhancement" to 5L(4,R) x 50(l,n) in (|i39]) . 

^^Note that, consistently, for n = (in _D = 5 and D = 6) and n = 1 (in D = 4), one re-obtains the case of the ST^ 
model treated above. 
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4.3.3 D = A 

For D = 4:, the embedding is maximal and symmetric : 

SO{A,2 + n) Ds 50(2,2) x S0{2,n) ~ SL {2,R)^^^^^^^ x 5L(2,M) x 50(2, n), (4.21) 
and at the mcs leveh 



SO (4) x 50 (2 + n) 50 (2) ^ x 50 (2) x 50 (2) x 50 (n) , (4.22) 

where n is the number of matter (vector) multiplets in Z) = 4. The group commuting with SL{2, M)Ehiers 
inside SO (4, 2 + n) is nothing but the 4-dimensional [/-duahty group 0*4 = SL (2, M) x 50(2, n). By 
merging (|4.21|) and (|4.22|) . one obtains the following c-map: 

5L(2,M) 50(2, n) , 50(4,n + 2) 

U{1) S0{2)xS0{n) 50(4) X 50(n + 2)' ^' ' 



4A Magical Models 

Let us now consider the isolated cases of symmetric N = 8 quarter-maximal theories, the so-called 
magical models |18j . They are associated to rank-2 (in D = 6) and rank-3 (in D = 5) Euclidean 
Jordan algebras over the four normed division algebras O (octonions), H (quaternions), C (complex 
numbers) and R (real numbers), and to the Preudenthal triple systems over such algebras (in D = 4). 
Consequently, they can be parametrized in terms of the real dimension of the relevant division algebra, 
namely q = 8,4,2,1 for O, H, C and R, respectively. In this respect, the model treated above 
corresponds to q = —2/3. 

We will now analyze the relevant embeddings in D = 4, 5 and 6. 



4.4.1 D = 4 

In D = 4, the magic models are related to the Freudenthal triple system QJt (^3") over the rank-3 
simple Euclidean Jordan algebra (A = 0,EI, C,R). The D = 3 and D = 4 [/-duality groups are 
nothing but the quasi- conformal and conformal group of J^, respectively, and they are related by the 
following maximal symmetric embedding: 

Gl (q) Z)s 5L(2, R)Ehlers X (q) , (4.24) 

with mcs level involving the D = 4 massless spin group: 

mcs {Gl (q)) Ds S0{2)j x mcs {G\ {q)) . (4.25) 

(|4.24p - ()4.25p correspond to the following c*-map symmetric embedding of the corresponding scalar 
manifolds in D = 3 (para-quaternionic pseudo-Riemannian) and D = 4 (special Kahler): 



mcs{Gl{q)) 5L(2,R)xG|(g) 
The various cases are listed in Tables 5 and 6. 



4.4.2 D = b 

In Z) = 5, the magic models are related to J^''s themselves. The D = 5 [/-duality group is the 
reduced structure group of J^, and the embedding of the D = 5 Ehlers group 5L(3, M) into the D = 3 
[/-duality group is maximal and non-symmetric: 

Gliq) DnsSL{3,R)x Gliq), (4-27) 
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m{4) 


Gliq) D,Gt(g) x5L(2,R) 


type 


(a = 8) 


-^o( — z4j ^ — -^^J v^? ■^'^z 


max, s 


m ( J3 j - 4j 




max, s 


fm I tC\ /„ o\ 

^-"l l-'3 j W - ^) 


-^6(2) ^ '-''^ v"^) <jj X Oiv (^Z, Kj 


max, s 


m?- ( (n — w 

■^^^ yi-i ) w - J-j 


TP , . ~\ Qr>(R ^B'^ QT (0 IB"! 
-£^4(4) J op^^O,JK.j X Oiv(^Z,Mj 


max, s 


QJt(M) (g = -2/3) 


G2(2) D 5L(2,M) X SL(2,M) 


max, s 



Table 5: Embedding Gliq) D G| (g) S'L(2,M) 

Ehlcrs for magical Maxwell-Einstein supergravity 
theories (A'' = 8) in D = 4 Lorentzian space-time dimensions. Also the case of model {q = —2/3) 
is reported. 





mcs {Gl (q)) D,, mcs (G^ (q)) x 50(2),/ 


type 


m[4) {q = 8) 


^7(-133) X SU{2) D £;6(_78) X X SO{2)j 


max, s 


(g = 4) 


.90(12) X 5f/(2) D f/(6) X 50(2) ; 


max, ,s 


{q = 2) 


5?7(6) X SU{2) D S{U (3) X U{3)) x SO (2) j 


max, s 


9}t{jf) {q = l) 


i75p(6) X SU{2) D U{3) X SO {2) J 


max, s 


9Jl(M) (g = -2/3) 


SU{2) X 5C/(2) D U{1) X 50(2)j 


max, s 



Table 6: Embedding m,cs {G\ {qj) mcs (G\ (g)) x SO{2)j for magical Maxwell-Einstein supergrav- 
ity theories {N = 8) in Z) = 4 Lorentzian space-time dimensions. Also the case of model {q = —2/3) 
is reported. 
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s 


(q) D, G5 (q) X 5L(3,M) 


tvDe 


"^3 W - °) 


-£^8(-24) -C'6(~26) ^-'^I.OjKJ 


llldX, /to 


J3 [q - 4j 


p QTT* f(i\ sy Qr ( l^>^ 


max, ns 


tC /„ _ o\ 

J3 [q - 2) 


TP -\ QT (1 c\ V QT ft 

-C/6(2) J '-'^ Wi j X O-L (^0, Kj 


max, ns 






max, Tis 


M = -2/3) 


G2(2) D 5L(3,M) 


max, ns 



Table 7: Embedding Gl{q) D Gl{q) x, 5L(3,M) 

Ehiers for magical Maxwell-Einstein supergravity 
theories (A^ = 8) in = 5 Lorentzian space-time dimensions. The D = 5 uplift of model is "pure" 
minimal supergravity 

with mcs level involving the D = 5 massless spin group: 

mcs {Gl (q)) Ds 30(3) j x mcs (G| (q)) . (4.28) 
The various cases are listed in Tables 7 and 8. 

4.4.3 D = 6 

In D = 6, the magic models are related to the rank-2 Jordan algebra ~ Ti^qj^i (where "~" here 
denotes a vector space isomorphism). Namely, the D = 6 [/-duality group is nothing but the reduced 
structure group of itself, with the exception of the cases corresponding to q = A and q = 2, which 
have a further factoi^j Aq=2 = 50(3) resp. Aq=i = 50(2) in the [/-duality group. The embedding of 
the D = 6 Ehiers group 5L(4,M) into the D = 3 [/-duality group is obtained by a two-steps chain of 
maximal and symmetric embeddings {Aq = Id, SO{3), 50(2), Id respectively for q = 8,4,2, 1): 

Gl (q) Ds SO (4, q + 4:)xAqDs SL{4, R) x 50(1, g + 1) x Aq, (4.29) 

with mcs level involving the D = 6 massless spin group: 

mcs {Gl (q)) Ds 50(4) j x SO{q + 1) x mcs (Aq) . (4.30) 

Note the "enhancement" to SO {4,q + 4) x Aq in (|4.29|) . The various cases are listed in Tables 9 
and 10. 

^^We note that the non-triviality of the factor group Aq in the D = 6 [/-duahty group is related to the reality 
properties of the spinors within the rank-2 Jordan algebras over the quaternions {jf ~ and over the complex 

numbers {J2 ~ Ti^a), which are respectively pseudo-real (quaternionic) and complex (see e.g. Table 2 of [34]). 
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6 


mcs (G^ (q)) D, mcs (G^ (q)) x SO (3) j 


tvDe 


tO („ _ ON 

[q - H) 


-'^7(-133) ^ _) -£'4(-52) X •-"^ l-Jj j 


IlldX, lis 


Jg [q - 4j 


C/O/'10"\ \/ QTTfO\ —\ TTC!r,fR\ \/ C/O 

ijU[IZ) X otyi^Zj D c op[o ) X (^oj J 


max, ns 


tC („ o^ 


oL'^^Oj X oU \Z) D ^^oj X dU [^o)j 


max, ns 


J3 [q - i) 


TTQr,((i\ V QTT(')\ QTT(')\^ v QD (''^^ 
l7 Dpi^D ) X DCl^Zj _) oU yZjp X DLy(^Ojj 


max, ns 


R{q = -2/3) 


5C/(2) X SC/(2) D 50(3)j,D 


max, ns 



Table 8: Embedding mcs (G4 (g)) D mcs (G4 (g)) XsSO{3)j for magical Maxwell-Einstein supergrav- 
ity theories (iV = 8) in D = 5 Lorentzian space-time dimensions. SU{2)p denotes the principal SU{2), 
whereas the subscript stands for diagonal embedding 



Jt 


Gl (g) D SO{l, q + l)xAqX SL{4, M) 


type 


J? {Q = 8) 


^8(-24) 3 50(1,9) x5L (4, M) 


nm, ns 


{q = 4) 


^7(_5) =) so (1,5) X SO(3) X SL(4,M) 


nm, ns 


4 (q = 2) 


£^6(2) 3 SO (1,3) X SO(2) X SL{A,R) 


nm, ns 


{q = 1) 


^4(4) 3 SO (1,2) X SL(4,M) 


nm, ns 



Table 9: Embedding G| (q) D„s (g) x SL(4, M)Ehiers (G| (g) = SO(l, g + 1) x Aq) for chiral ma^icaZ 
Maxwell-Einstein supergravity theories {N = 8) in Z? = 6 Lorentzian space-time dimensions. Recall 
SO(l,5) ~ S?7*(4), SO(l,3) ~ SL(3,C), SO(l,2) ~ SL(2,M). 
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"I 


mcs fG? (q)) D mcs fG^ (0)) x SO(A) j 


tvDe 


tO (n - 9\ 
^2 V9 - oj 


-£^7(-133) _) ^Cl^yj X ^0'(^4jj 


llill^ (lb 


J2 [q - 4j 


X dU[Z) _J jU [0) X jU[o) X DU'(4jj 


TITU^ TiS 


-'2 w — -^j 


DU^^DJ X DU^^ZJ _J Dlyl^Oj X Dly(^ZJ X Dly(^4ljj 


TiTfl^ TiS 


{q = 1) 


[/Sp(6) X 5^7(2) D so (2) X 50 (4)_; 


nm^ ns 



Table 10: Embedding mcs {G\{q)) Z)ns mcs (G4 (g)) x SO{A)j for chiral magical Maxwell-Einstein 
supergravity theories (A^ = 8) in D = 6 Lorentzian space-time dimensions. 

5 Cosets with x = Poincare Duality 

From the previous treatment, a class of non-compact, pseudo-Riemannian homogeneous spaces can 
be naturally constructed, with general structure: 



MS 



x SL{D - 2,] 



(5.1) 



determined by the embedding of the direct product of the D-dimensional Ehlers group SL{D — 2,R) 
and of the Z)-dimensional f7-duality group G^ of a supergravity with N = 2N supersymmetries into 
the [/-duality group of the same theory reduced to D = 3 (Lorentzian) space-time dimensions. From 
previous Sees., such an embedding can be maximal or non-maximal (namely, next-to-maximal) ^ and 
symmetric or non- symmetric, but, as mentioned, it always preserves the rank of the group ()1.3p . as 
well as the non-compact rank of the D = 3 coset / ()1.4p . 

Interestingly, the cosets 's (j5.ip all share the same feature : they have an equal number of com- 
pact and non-compact generators, thus implying the their coset character x [14^ I13j to be vanishing: 



X (M^) ^ nc (M^) - c [M^) = 0. 

This property can also be related to the "mcs counterpart" of the class of cosets (|5.1 
the compact, Riemannian homogeneous spaces with general structure 



mcs (G^) 



mcs {G^) X SO{D - 2)„ 



(5.2) 
given by 

(5.3) 



determined by the embedding of the direct product of the D-dimensional massless spin group SO{D - 
2) = mcs {SL{D - 2, M)) and of H'^ 



mcs 



(G^) into H% = mcs {G%). As the M^'s ([ST]), also the 
Mj^'s ()5.3p can be of various types, namely maximal or next-to-maximal, symmetric or non- symmetric. 



However, M^y's (j5.3p all share the same property : the number of compact or non-compact gen- 
erators of Mj^'s (jS.ip is always equal to the (real) dimension of the corresponding M^^s themselves. 
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This is a consequence of (|5.2p as well as the general formula on the signature of a pseudo-Riemannian 
coset G/H (see e.g. [H]) 



c {G/H) = dimiR (mcs (G)) — dimiR (mcs (-ff)) ; 

(5.4) 

nc {G/H) = diniM (G) - diniR {H) - c {G/H) , 

from which thus follows that the compact generators of are the very generators of the correspond- 
ing M^: 

nc {M^) = c (M^) = dim^ (m^) (5.5) 
Along this line, further elaboration is possible. Indeed, it generally holds that 



dimiR 



GYj X SL{D - 2, 



2dimii; 



H^ 



H^ X SO{D - 2) 



(5.6) 



A possible interpretation of these results is as follows. In a supergravity theory in D space-time 
(Lorentzian) dimensions, the number of bosonic massless degrees of freedom other than the scalar 
and graviton ones is given by the difference between the dimension of the Clifford algebra and the 
sum of the dimensions of the D-dimensional massless spin group and of the i^-dimensional "Clifford 
symmetry" {i.e., 7^-symmetry + Clifford vacuum degeneracy due to matter coupling, if any). 

Sec. 15.11 lists the cosets M^'s ()5.ip and their "mcs counterparts" M^^'s (|5.3p for all A^'s and D's 
treated in the present investigation. Then, in Sees. 15.21 and 15.31 an interpretation of the vanishing 
character (|5.2p will be given in terms of Poincare duality, or equivalently of Hodge involution acting 
on the cohomology of M^y's. 

5.1 The Cosets 
5.1.1 A = 16 

The specification of (j5.ip and (|5.3p to maximal supergravity {N = 16) give rise the following spaces 

Gfg X 5L(Z)-2,M) Gfe X 5L(L'-2,M)' 

mD ^ Hi, SO{lQ) 

~ HgxS0{D-2) HgxS0{D-2)' ^ ' 

they are listed in Table 11, along with their number of compact and non-compact generators. Among 
M]^'s, the unique maximal and symmetric coset is the one pertaining to D = 4 (c/r. (|2.30p ): 

GfexSL{2,R) ^7(7) X 5L(2,M)' ^'^ 

which is a rank-4 para-quaternionic space, as resulting from the classification of [35]. Also the corre- 
sponding 

- (5 10) 

" SU{8) X SO{2) ^^-^"^ 

is a maximal and symmetric space among Afj'^'s. 
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D 


-'"16 




cM = 
nc(Mf6) 


ii 


-£^8(8) 


50{16) 


04 


SL(9,K) 


50(9) 


in T T A 
iU, 1 1 Ji 


-£^8(8) 


50(16) 


no 


50(l,l)x5L(8,R) 


50(8) 


in Tin 
iU, 1 1 Jd 


-£^8(8) 


50{16) 


ni 
yl 


SL{2,R)xSL{8,R) 


SO(2)xSO{8) 


n 

y 


-£'8(8) 


SO{16) 


nc 

yo 


GL(2,/?)x5L(7,M) 


50(2)x50(7) 


Q 

o 


-£^8(8) 


50(16) 


1 ni 
lUl 


(SL(2,R)xSL(3,R))xSL(6,K) 


(50(2)xS'0{3))x50(6) 


7 


-£^8(8) 


50(16) 


1 nn 
lUU 


5L(5,R)xSL(5,R) 


SO{5)xSO{5) 


D 


-£^8(8) 


50{16) 


y4 


50(5,5)x5L(4,R) 


50(5)xSO{5)x50(4) 





-£'8(8) 


50(16) 


SI 
oi 


£;6(6)XS'L(3,R) 


USp{8)xSO{3) 


4 


-£^8(8) 


50{16) 


56 


£;7(7)X5L(2,R) 


51/(8) xSO(2) 



Table 11: Pseudo-Riemannian non-compact -E/gj-g^-cosets Mj^ ()5.7p and Riemannian compact 50(16)- 
cosets M/g (|5.8p of maximal supergravity theories (A^ = 16) in 11 ^ D ^ A Lorentzian space-time 
dimensions. The number of compact generators c (equal to the number nc of non-compact generators) 
of M/g is also listed. All cosets Mj^ have vanishing character. 
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5.1.2 N = 12 

The specification of (|5.1|) and (|5.3|) to supergravity witfi = 12 in D = 5 and in D = 4 respectively 
reads 

^ Gl, X 5L(3,M) = SU*{6) X 5L(3,M) ' ^ = nc = 45; (5.11) 

m5 = ^0(12) X SUi2) 

" i/f2x50(3)j USp{6)xSOi3)j' ^ ^ 

^ Gf, x5L(2,M) = 50*(12) x5L(2,M)' ^ = "^ = 32; (5-13) 
^4 = fff, _ 50(12) X SU{2) 

^2 ~ i/f2X'50(2) 5C/(6) X ^7(1) X 50(2)j' ^ ^ 

They all are maximal cosets, but ^-^^d non-symmetric, whereas Mj^g M^2 ^^'^ sym- 

metric. 

The values of c = nc given in (j5.1ip and (j5.13p match the ones of the magical quarter-maximal 
(A^ = 4) theory for q = A (see (|5.40p and (|5.44p . respectively); indeed, these theories share the same 
bosonic sector, and they are both related to J^. 

5.1.3 iV = 10 

The specification of (|5.ip and (|5.3p to supergravity with = 10 in D = 4 gives rise to the following 
symmetric spaces 

^ G'i, ^SL (2,M) = 5C/(5, 1)'L (2,R) ' ^ = nc = 20; (5.15) 



?4 _ gfo ^ gO(lO) X ^(1) 

i^i^o X SO (2) 5?7(5) X ^7(1) x U{l)j ' 



M^Q is a rank-4 para-quaternionic coset. 
5.1.4 A^ = 8 

The specification of ()5.ip and ()5.3p to half-maximal supergravity (N = 8) gives rise to the following 
spaces 

^ gj _ SO{8,D-2 + m) 

^ G^xSL{D-2,R) X 5L(Z)-2,E)' ^' ' 

mD = Hj SO{8)xSO{D-2 + m) _ 

^ ^ Hi'xSO{D-2) Hi>xS0{D-2) ' ^ ^ 

they are listed in Table 12, along with their number of compact and non-compact generators. 

Among MJ^'s, the unique maximal and symmetric cosets are the ones pertaining to -D = 6 IIB and 
D = 4(c/r. ra i: 

j^e,nB ^ Gl _ SO{8,3 + m) 

' " Gl' X 5L(2, R) SO (5, m) x 5L(4, M) ' ^ ' ' 

^ ^3 - SO {8,2 + m) 

^ GjxSL{2,R) SL{2,R) X S0{6,m) X SL{2,R)' ^' ' 
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D 




iVig 


c{Mi>) = 
nc {Mp) 


iU 


50(8,8+m) 


SO{8)xSO{8+m) 


om -f- zo 


(50(l,l)xSO(m))xSL(8,R) 


SO{m)xSO(8) 


o 


50(8,7+m) 


SO{8)xSO{7+m) 


im -t Zo 


y 


(50(l,l)x50(l,m))xSL(7,R) 


SO{m)xSO{7) 


Q 


50(8,6+m) 


SO{8)xSO{6+m) 


om -\- z 1 


o 


(50(l,l)x50(2,m))xSL{6,R) 


{SO{2)xSO{m))xSO{6) 




50(8,5+m) 


SO{8)xSO{5+m) 


om -\- ZD 


(50(l,l)x50(3,m))xSL(5,IR) 


{SO{3)xSO{m))xSO{5) 


r r 4 


50(8,4+m) 


SO{8)xSO{4+m) 


4771 + ZZ 


(50(l,l)x50(4,m))xSL(4,R) 


(S'0{4)x50(m))x50(4) 


0, i i i) 


50(8,3+m) 


SO{8)xSO{3+m) 


3?71 +15 


SO(5,m)xSL(4,R) 


{SO{5)xSO{m))xSO{4) 





50(8,3+m) 


SO{8)xSO{3+m) 


om -\- lo 


(50(l,l)x50(5,m))x5'L{3,R) 


{SO(5)xSO{m))xSO{3) 


4 


50(8,2+m) 


SO{8)xSO{2+m) 


2m+ 12 


(5L(2,R) x SO{6,m)) x 5L(2,R) 


(SO{2) x50(6) xSO(m)) x SO{2) 



Table 12: Pseudo-Riemannian non-compact Mg^ (j5.17p and Riemannian compact cosets (jS.lSp 
of half-maximal supergravity theories {N = 8) in 10 ^ -D ^ 4 Lorentzian space-time dimensions. The 
number of compact generators c (equal to the number nc of non-compact generators) of Mg' is also 
listed. All cosets have vanishing character. 



5.1.5 N = 6 

The specification of (j5.1|) and (j5.3p to supergravity with = 6 in D = 4 gives rise to the following 
symmetric spaces 

m4 = ff| _ S[/(4)xg[/(m + l)x^(l) 

^ X SO{2) U{3) X C/(m) x U{l)j ' ^ ' ^ 
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5.1.6 = 4 Symmetric 

Minimal Coupling The specification of (|5.1|) and (|5.3|) to minimally coupled Maxwell-Einstein 
supergravity with = 4 in D = 4 gives rise to the following symmetric spaces 

= ^4 SU{2,l + n) ^_^^_2^ , 2- f5 23) 

A?4 = Hj ^ SU{2)xSU{l + n)xU{l) 

^ ~ Hfx 50(2) U{n) x [/(I) x U{1) ' ^ ^ 

M4 has rank 1 for n = 0, and rank 2 for n ^ 1, and it is para-quaternionic. It is nothing but a suitable 
pseudo-Riemannian form of the manifold (|4.2|) itself, namely the c*-map of the rank-1 symmetric 
special Kdhler maximal coset in D = 4: 



U{n) U{l,n) X SL{2,] 



(5.25) 



Model The specification of (j5.ip and (j5.3p to the so-called T"^ model in D = 4 gives rise to the 
following symmetric spaces 

4 ^4,T3 ^2(2) 

Gl^, X SL{2,R) = 5L(2,M) x SL(2, M)Ehiers ' " = = ^^-^^^ 



^74 _ "^^^ ^^4,T3; 5[/(2) X g[/(2) 

- i/tT3X^O(2)- C/(l)xC/(l) • ^^-^^^ 

M^^3 is rank-2 para-quaternionic. It is nothing but a suitable pseudo-Riemannian form of the manifold 
in the r.h.s. of (|4.11|) . namely the c*-map of the rank-1 symmetric special Kdhler maximal coset in 

SLi2,R) ^^^^^^ 



U{1) 



^3 SL{2,R) X SL{2,] 



ST"^ Model The specification of ()5.ip and ()5.3p to the so-called S'T^ model in I? = 4 gives rise to 
the following symmetric spaces 



M4 , ^ ^4,^^- SO{A,?>) c = nc = 6-f5 29) 

^'^^ Gj^r, x5L(2,M)Ehicr. 5L(2,M) x5L(2,M) x5L(2,M)Ehiers' ' ^ 

^ mcs(Gl,^,) _ go(4)xgO(3) 
"^^'^^^ - x50(2)-C/(l)x [7(1) X [/(!)• ^^-^"^ 

Jordan Symmetric Sequence As mentioned above, the ST"^ model can be regarded as the first 
element of the so-called Jordan symmetric sequence of quarter-maximal theories. The specification of 
()5.ip and ()5.3p to such a sequence in D = 6, D = 5 and D = A respectively gives rise to the following 
spaces: 



L> = 6 



^ Gl X 5L(4, M) " 50(1, n) X 5L(4, ]r) ' ^ - nc - 3n + 3, (5.31) 

m6 = g| 50(4) X 50(3 + n) . 

^ ~ i/| X 50(4) 50(3) X 50(n) x 50(3) ' ^ ^ 

M4 and Mf are maximal and symmetric spaces. 
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D 



= ^4 _ 50(4,3 + n) c - nc - 3n + 6- (5 33) 

' - Glx5L(3,M) " 50(1,1) X 50(1, n) x5L(3,M)' ^^'"^"^^ 

m5 = Hi 50(4) X 50(3 + n) . 

^ " i/|x50(3) 50(n)x50(3) ' ^ ' 

M4 and -M4 are non-maximal and non-symmetric spaces. 



D 



= - 50(4,2 + n) c = nc = 2n + 45 35) 

^ - G|x5L(2,R)Ehiers 5L(2, R) x 50(2, n) X 5L(2, M)Ehiers ' ^ 

^4 ^ mcsjGl) _ 50(4)x50(2 + n) 

^ ~ i/|x50(2) C/(l) X C/(l) X 50(n) X C/(l)' ^ ^ ^ 

M4 and M4 are maximal and symmetric spaces. is para-quaternionic and it has rank 2 in 
the case n = and rank 3 for n ^ 1; it is nothing but a suitable pseudo-Riemannian form of the 
manifold in the r.h.s. of ()4.23p . namely the c*-map of the symmetric special Kdhler maximal 
coset in = 4: 

SL{2,W) 50(2, n) ^ 50 (4, 2 + n) 

U{1) S0{2)xS0{n) 5L(2,M) X 50(2,n) X 5L(2,M)Ehiers' 

Magical Models 

D = A : The specification of ()5.ip and (|5.3p to magical models in L) = 4 gives rise to maximal symmetric 
spaces. Their general structure reads 

Gl [q) X 5L(2,M)Ehlers 

listed in Table 13. The number of compact and non-compact generators of Mf (q) can be q- 
parametrized as follows: 

c (M| (q)) = nc (M| (q)) = 6q + 8 = dim^ (R (O^ (g))) , (5.40) 

where R is the symplectic irrep. of the D = 4 [/-duality group G4 (q) in which the Abelian two- 
form field strengths sit; see Subsec. 15.21 for further analysis. Thus, the split of the generators 
of M4 (q) into a signature (nc, c = nc) is consistent with the Ehlers- doublet irrep. (R, 2) of 
G4 (g) X 5-L ( 2, M) Ehlers- Moreover, Mf (q) is a rank-4 pseudo-quaternionic space, given by the 
c*-map of the corresponding symmetric special Kdhler maximal coset in D = 4: 

G\{q) .\ Gl{q) ^^^^^^ 



mcs 



(G|(g)) Gi{q)xSL{2, 



D = 5 : The specification of (jS.ip and (j5.3p to magical models in D = 5 gives rise to the maximal, 
non-symmetric spaces listed in Table 14. Their general structure reads 
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The number of compact and non-compact generators of M| (q) can be q-parametrized as follows: 

c (M| (q)) = nc (M| (q)) = 9 {q + 1) = dim^ (7^, 3) , (5.44) 

where {TZ, 3) is the irrep. of (q) x 5L(3, M)Ehiers- Thus, the split of the generators of M| {q) 
into a signature (nc, c = nc) is consistent with a pair of Jordan-triplet irreps. {TZ, 3) (see Subsec. 
5.21 for further analysis) . 



D = 6 : The specification of ()5.ip and ()5.3p to magical models in D = 6 respectively gives rise to the 
non-maximal, non- symmetric spaces listed in Table id^. Their general structure reads 



where the ^/-duality group (q) in D = 6 reads 50(1, g + 1) x Aq. The number of compact 
and non-compact generators of (q) can be g-parametrized as follows: 

c (M| (q)) = nc (M| (g)) = llq + 6. (5.47) 

The meaning of llq + 6 and the covariant split in terms of irreps. of 50(1, g -|- 1) x mcs {Aq) x 
50(4) will be discussed in Subsec. 15.21 



5.2 Poincare Duality 

We are now going to analyze the signature split of the manifolds ()5.ip , focussing on the maximal 
(N = 32) and magical quarter-maximal cases (iV = 8). 

Nicely, the split signature of covariantly decomposes under mcs [G^) x SO{D — 2)j into 
a pair of sets of irreps., which are related by Poincare duality {alias eletric-magnetic duality). In 
other words, the signature of the pseudo-Riemannian manifolds Mj^'s naturally arrange the spectrum 
of p > massless forms of the corresponding supergravity theory into a pair of sets of irreps. of 
mcs (O^) X SO{D — 2) J, which are interchanged under Poincare duality. 

As a consequence, the x = feature of the manifolds (|5.ip is actually Poincare- duality- 

invariant (or, equivalently, electric-magnetic duality-invariant) . 



5.2.1 N = 16 



1. D = 11 (M-theory) : the relevant manifold is maximal non-symmetric: 



Ml 



11 

16 



■8(8) 



SL (9, 



^8(8) : 
5L(9,: 
Mil 



c nc 

120 128 

36 44 

84 84 



Such a signature splitting is covariant with respect to SO (9) = mcs {SL (9, 

^8(8) 5L(9,M); 
248 = 80 84 84'; 

5/(9, M) 50(9); 
84W = 84. 



(5.48) 



(5.49) 
(5.50) 



^^Note that the results on c = nc for q = 8 (magical exceptional supergravity) in D = 4, 5, 6 match the results holding 
for maximal supergravity in the same dimensions. This is not surprising, because maximal (A*' — 16) and exceptional 
(A*' = 4) theories are respectively related to and j", the unique difference given by the split vs. division form of the 
octonionic algebra O. 
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m{4) 


M|(g) 


M|(g) 


c(Mi(g)) = 
/to ^^ivJ4 vyy ) 


(a = 8) 


-E8{-24) 


£^7(-133)X5C/(2) 


56 


£^7{-25)X5'i(2,IR) 


-E6(-78)X(7(l)x50(2) 


mt ( 7H\ 1 „ — A\ 

yjc ( jg j - 4j 


■^7(^5) 


50{12)xSC/(2) 




50*(12)x5L(2,R) 


5f/(6)xC/(l)x50(2) 


yjc ( Jg j - 2j 


■2^6(2) 


51/(6) X 5(7(2) 


on 


5(7(3,3) xSL{2,R) 


5(1/(3) x (7(3)) x50(2) 


w i (n — ^\ 

JJC (^Jg j W — ij 


■^4(4) 


(75p(6)x5C/(2) 


1 /I 

141: 


5p(6,R)x5L(2,R) 


5f/(3)x(7(l)x50(2) 


971 (R) = -2/3) 


^2(2) 


5(7(2) x5C/(2) 


4 


S'L(2,R)x5L(2,R) 


C/(l)x50(2)j 



Table 13: Pseudo-Riemannian, non-compact, maximal, para-quaternionic symmetric cosets Afj (g) 
()5.38p and Riemannian, compact, maximal cosets (q) ()5.39p of magic quarter-maximal supergravity 
theories (A?^ = 4) in D = 4 Lorentzian space-time dimensions. Also the T"^ model {q = —2/3) is 
reported. The number of compact generators c (equal to the number nc of non-compact generators) 
of M4 (q) is also listed. All cosets Mf (q) have vanishing character. 



Therefore, the split (c, nc) = (84, 84) can be interpreted as the split into two Poincare-dual 84's 
of 50(9); namely, the 3- form potential (coupled to M2-brane) and its Poincare dual 6- form 
potential (coupled to M5-brane): 



(c, nc) = (84, 84) = 84 + 84 of SO(9). 

M2 M5 



(5.51) 



2. D = 10 IIA : the relevant manifold is non-maximal and non-symmetric: 



Mill 



8(8) 



50(1,1) X SL\ 



Es(8) '■ 

SO{l,l) X SL{8, 
: 



c 


nc 


120 


128 


28 


36 


92 


92 



Such a signature splitting is covariant with respect to SO (8) 
Indeed, disregarding SO{l, 1) weights, it holds that: 



(5.52) 



mcs (50(1,1) X 5L(8, 



^8(8) ^nm 50(1, 1) X 5L(8, M) ; 

248 = 63 + 1 + 8 + 8' + 28 + 28' + 56 + 56'; 

1YLCS 

Sl{8,R) D 50(8); 
8W,28W,56(') = 8^,28,56^. 



(5.53) 
(5.54) 



Therefore, the split (c, nc) = (92, 92) can be interpreted as the split into two sets of Poincare- 
dual irreps. of 50(8); namely, the graviphoton C^^ 8y, the 2-form 5^,^ 28, the 3-form C^^p 
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Jt 

o 


Ml (g) 


Ml (0) 


c(M|(g)) = 
nc (M| (q)) 


J3 [q - 8j 


-£^8 (-24) 


S7(-133)X5C/(2) 


SI 
oi 


B6(-26)XSL(3,IR) 


P4(-52)X5!7(2)xSO{3)j 


J3 [q - 4j 


■^7(-5) 


50{12)xSt/(2) 


A K 
40 


5C/*(6)x5L(3,R) 


(75p(6)xSO{3) 


tC /'„ _ o\ 
J3 - 2j 


■^6(2) 


5!7(6)xSC/(2) 


07 
Z ( 


5L(3,C)x5L(3,R) 


SU{3)xSO{3) 




■^4(4) 


USp{6)xSU{2) 


1 S 
io 


5L(3,IR)x5L(3,R) 


SU{2)pxSO(3)j 


M (g = -2/3) 


G2(2) D 5L(3,E) 


SU{2)xSU{2) 
SO{3)j,D 


3 



Table 14: Pseudo-Riemannian, non-compact, maximal, non- symmetric cosets M| (q) (|5.42p and Rie- 
mannian, compact, maximal cosets M4 (g) ()5.43p of magic quarter-maximal supergravity theories 
(A^ = 4) in = 5 Lorentzian space-time dimensions. Also the D = 5 uplift of T'^ model {q = —2/3), 
namely minimal "pure" supergravity, is reported. The number of compact generators c (equal to 
the number nc of non-compact generators) of M| (q) is also listed. All cosets M| (g) have vanishing 
character. 

56y potentials, and their Poincare duals, namely the 7-form C^^,,,fj,^, 6- form i?/xi.../J6 5-form 
Cmi---M5 potentials: 



(c,nc) = (92,92) = ( 8^ + 28 + 56 J 8„ + 28 + 56 J of 50(8). (5.55) 

VC(1) B^^) Ci3)J \^(7) B(6) (5(5)/ 



3. Z) = 10 IIB : the relevant manifold is non-maximal and non-symmetric: 



M 



10 IIB 
16 



8(8) 



5L(2,M) X 5L(8,] 



E, 



■8(8) : 





c 


nc 




120 


128 


X 5L(8,M) 


: 29 


37 




91 


91 



Such a signature splitting is covariant with respect to SO (8) x50(2) = mcs {SL 1 
Indeed, it holds that: 

^8(8) ^nm 5L(8,R) x5L(2,R); 

248 = (63, 1) + (1, 3) + (70, 1) + (28, 2) + (28', 2) ; 

5L(8,M) X SL(2,M) "d' 50(8) x 50(2); 

(8,1) = (8„1) 

(28 W, 2) = (28,2); 

(70,l) = (35„l) + (35e,l). 



(5.56) 
X 5L(2 
(5.57) 
(5.58) 
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4 


M9 (q) 


M9 (q) 


c (M| ((?)) = 
nc (M| (g)) 


J2 [q - «j 


-E8(-24) 


i?7{-133)X5C/(2) 




50(l,9)x5L(4,R) 


50(9)xSO(4)j 


J2 [q - 4j 




50(12)x 5(7(2) 


ou 


50(l,5)x50(3)xSL(4,R) 


S'0{5)x50(3)xSO{4)j 


■J2 w — 


■^6(2) 


5C/{6)x 5(7(2) 


Zo 


50(l,3)x50(2)xSL(4,M) 


50(3)x50(2)xSO(4)j 


{q = 1) 


^4(4) 


l/5p{6)x 5(7(2) 


17 


50{l,2)xSL{4,IR) 


50(2)x50(4)j 



Table 15: Pseudo-Riemannian, non-compact, non-maximal, non- symmetric cosets (q) (j5.45p and 
Riemannian, compact, non-maximal, non-symmetric cosets Mf (q) ()5.46p of magic (1,0) chiral su- 
pergravity theories {N = 4) in D = 6 Lorentzian space-time dimensions. The number of compact 
generators c (equal to the number nc of non-compact generators) of Mf (q) is also listed. All cosets 
M4 (q) have vanishing character. 



Therefore, the split (c, nc) = (91,91) can be interpreted as the split into two sets of Poincare- 



dual irreps. of 50(8) x 50(2); namely, the 2-form cj^J (28,2) and 4-form O^^^..^^ (35^,1) 



potentials, and their Poincare duals, namely the 6-form (^^^..^g (28,2) and the 4-form C^i...^4 
(35c, 1) potentials: 



(c, nc) = (91, 91) = (28, 2) + (35^, 1) + (28, 2) + {35c, 1) of 50(8) x 50(2). (5.59) 



4. D = 9 : the relevant manifold is non-maximal and non-symmetric: 



9 -^8(8) 

GL(2,R) X 5L(7,] 



■8(8) 





c 


nc 




120 


128 


X 5L(7,M) 


: 22 


30 




98 


98 



Such a signature splitting is covariant with respect to 50 (7) x 50(2) = mcs (5L (7, 1 
Indeed, disregarding 50(1, 1) weights, it holds that: 

^8(8) ^nm S L{7 ,R) X GL{2,R); 
248 = (48,1) + (1,1) + (1,3) 

+ (7, 1) + (7', 1) + (7, 2) + {?', 2) + (21, 2) + (21', 2) + (35, 1) + (35', 1) ; 

5L(7,R) 50(7); 
(7W,2lW,35) = (7,21,35) . 



(5.60) 
GL(2, 



(5.61) 
(5.62) 



Therefore, the split (c, nc) = (98, 98) can be interpreted as the split into two sets of Poincare- 
dual irreps. of 50(7) x 50(2); namely, the graviphotons (7,1) and (7,2), the 2-form (21,2) 
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and the 3-form (35, 1) potentials, and their Poincare duals, namely the 6-forms (7, 1) and (7, 2) 
duals of graviphotons, the 5-form (21,2) and the 4-form (35, 1) potentials: 



(7,1) + (7, 2) + (21, 2) + (35,1) 
(c, nc) = (98, 98) = { + of SO{7) x S0{2). 

(7,1) + (7, 2) + (21, 2) + (35,1) 

D = 8 : the relevant manifold is non-maximal and non-symmetric: 



(5.63) 



16 



5L(3,R) X 5L(2,R) x SL{6,] 



^8(8) '■ 

5L(3,]R) x SL{2,R) x 5L(6,I 



c 


nc 


120 


128 


19 


27 


101 


101 



Such a signature splitting is covariant with respect to 

SO (6) X SO{2) X SO{3) = mcs {SL (6, M) x SL{2, R) x 5L(3, 
Indeed, it holds that: 



-^8(8) SL{6,R) x S'L(2,R) x S'L(3,R); 
248 = (35, 1,1) + (1,3,1) + (1,1, 8) 

+ (20, 2, 1) + (6', 2, 3) + (6, 2, 3') + (15, 1, 3) + (15', 1, 3') ; 

TTLCS 

5L(6,R) x 5L(2,R) x 5L(3,R) D SO{6) x 50(2) x 50(3); 

(60,2,30) = (6,2,3); 

(150,1,30) = (15,1,3)_^ 

(20, 2,1) = (10, 2,1) + (10,2,1). 



(5.64) 
(5.65) 

(5.66) 
(5.67) 



Therefore, the split (c, nc) = (101, 101) can be interpreted as the split into two sets of Poincare- 
dual irreps. of SO{6) x SO{2) x 50(3); namely, the 1-form (6,2,3), the 2-form (15,1,3), the 
3-form (10,2,1) potentials, and their Poincare duals, namely the 5-form (6,2,3), the 4-form 
(15, 1, 3) and the 3-form (10, 2, 1): 



(c,nc) = (101,101) = < 



f (6, 2, 3) + (15, 1, 3) + (21, 2) + (10, 2, 1) 

+ o{ SO{6)xSO{3)xSOi2). 

[ (6, 2, 3) + (15, 1, 3) + (21, 2) + (10, 2, 1) 

(5.68) 



D = 7 : the relevant manifold is maximal and non-symmetric: 



5L(5,R) X SL{b,] 



E.. 



m ■ 



Ml, 



c 


nc 






120 


128 




(5.69) 


20 


28 




100 


100 _ 






= mcs 


{SL (5,R 


) X SL(5,R) 



Indeed, it holds that: 



^8(8) ^ns SL{5,m) X 5L(5,R); 

248 = (24, 1) + (1, 24) + (10, 5) + (10', 5') + (5, 10') + (5', 10) ; 

TTLCS 

SL{5,R) X SL{5,R) D SO{5) x SO{5); 
(100,50) = (10,5). 



(5.70) 
(5.71) 
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Therefore, the spht (c, nc) = (100, 100) can be interpreted as the spht into two sets of Poincare- 
dual irreps. of SO{5) x SO{5) ~ USp{A) x USp{4y, namely, the 1-form (10,5) and the 2-form 
(5, 10) potentials, and their Poincare duals, namely the 4-form (10, 5) and the 3-form (5, 10) 
potentials: 

(c, nc) = (100, 100) = ((10, 5) + (5, 10)) + ((10, 5) + (5, 10)) of SO{5) x SO{5). (5.72) 
7. -D = 6 (non chiral (2,2)): the relevant manifold is non-maximal and non-symmetric: 



16 



SO{5, 5) x 5L(4, 



^8(8) : 

50(5,5) x SL{4,] 



c nc 

120 128 

26 34 

94 94 



(5.73) 



Such a signature splitting is covariant with respect to 



mcs{SL{5,R) x SL(5,R)) = SO {5)xSO{5)xSO{3)xSO{3) ^ USp{4)lxUSp{4)rxSU{2)xSU{2). 

(5.74) 

Indeed, it holds that: 



^8(8) ^ns 50(5,5) x5L(4,M); 

248 = (45, 1) + (1, 15) + (10, 6) + (16, 4) + (16', 4') ; 

TTICS 

50(5,5) x SL{AM) D USp{4:)l x USp{4:)r x SU{2) x 5C/(2); 
(10,6) = (1,5, 1,3) + (1,5,3,1) + (5, 1,1, 3) + (5, 1,3,1); 
(16W,4W) = (4,4,2,2). 



(5.75) 

(5.76) 



Therefore, the split (c, nc) = (94, 94) can be interpreted as the split into two sets of Poincare-dual 



irreps. of USp{A)lX USp{A)r x 5^7(2) x SU{2); namely, the 5 self-dual 2-forms 5+ (1, 5, 1, 3), 



the 5 anti-self-dual 2-forms B^^^j^ (5,1,3,1) and the 16 1-forms A'^'^ (4,4,2,2) potentials, and 
their Poincare duals, namely the 5 anti-self-dual 2-forms B~^^j^ (1, 5, 3, 1), the 5 self-dual 2-form 
(5,1,1,3) and the 16 3-form A^jf...^^ (4,4,2,2) potentials: 



(c, nc) = (94, 94) 



(1,5, 1,3) + (5, 1,3,1) + (4, 4, 2, 2) 

+ oiUSp{4)LxUSpi4:)RxSU{2)xSU{2). 
(1,5, 3,1) + (5, 1,1, 3) + (4, 4, 2, 2) 

(5.77) 



8. D = 5 : the relevant manifold is maximal and non-symmetric: 



M- 



'8(8) 



16 



^6(6) ^ SL(3, 



E, 



8(8) 





c 


nc 




120 


128 


X SL{3,R) 


: 39 


47 




81 


81 



(5.78) 



Such a signature splitting is covariant with respect to USp{8) x SO{3) = mcs (-Eg(g) x SL{3, 
Indeed, it holds that: 



-^8(8) ^ns 5*1.(3, M) X -^6(6); 

248 = (8, 1) + (1, 78) + (3, 27) + (3', 27') 

5L(3,M) X ^6(6) "^^ SO{3) X USp{8); 
(3W,27W) = (3,27). 



(5.79) 
(5.80) 
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Therefore, the spht (c, nc) = (81,81), which is related to the so-called Jordan pairs (see e.g. 
[20]). can be interpreted as the split into two sets of Poincare-dual irreps. of SO{2>) x USp{8); 
namely, the 27 graviphotons Af^ (3,27), and their Poincare duals, namely the 27 2-forms Afj^iy 
(3,27): 

(c, nc) = (81, 81) = (3, 27) + (3, 27) of SO{3) x USp{8). (5.81) 

Note that the 3 of the massless spin group 5*0(3) = S0{3)j corresponds to the three physical 
polarizations of the graviphotons in D = 5. 

9. D = 4 : the relevant manifold is para-quaternionic, maximal and symmetric: 



16 



^7(7) X SL{2, 



^8(8) 

^7(7) X SL{2, 



16 • 



c nc 

120 128 

64 72 

56 56 



(5.82) 



Such a signature splitting is covariant with respect to SU (8) x SO{2)j = mcs (^7(7) x SL{2, M)) . 
Indeed, it holds that: 



^8(8) ^ns SL{2,R) X £'7(7); 

248 = (3,1) + (1,133) + (2, 56); 

SL(2,M) X ^7(7) "d' SO{2)j X SU{8); 
(2,56) = (2,28) + (2,28) . 



(5.83) 
(5.84) 



Therefore, the split (c, nc) = (56,56), which corresponds to a pair of Freudenthal systems 
(^J^"^ , can be interpreted as the split into two sets of Poincare-dual irreps. of SO{2)j x SU (8); 
namely, the 28 graviphotons Afj_ (2, 28), and their Poincare- Hodge duals, namely the 28 gravipho- 
tons A^ (2,28): 



(c,nc) = (56,56) = (2,28) + (2,28) of SO{2)j x SU{8). 



(5.85) 



Note that the 2 of the massless spin group SO{2)j corresponds to the two physical polarizations 
of the graviphotons in D = 4. 



,2.2 = 4 Magical Models 

4 : the relevant manifold is para-quaternionic, maximal and symmetric (recall ()5.38p and ()5.40p ): 

Gliq) 



Mt{q) 



G\ (g) x5L(2,M)Ehlers 



: (c, nc) = {Qq + 8, 6g + 



(5.86) 



Such a signature splitting is covariant with respect to mcs {G\ (q)) x S0{2)j. Indeed, it holds 
that: 



Gl{q) Z)s SL{2,R) X Gj {q); 

Adj^a = (3, 1) + (1, Adj^i) + (2, R) ; 

SL{2,R) X G| "d' S0{2)j x mcs (G^)_; 
(2, R) = (2, 1) + (2,7^) + (2, 1) + {2,n) , 



(5.87) 
(5.88) 



where the bar here denotes the conjugate irrep. R (dim= 6q + 8) denotes the relevant symplectic 
irrep. of G4 into which the vectors sit, and TZ (TZ) is its electric (magnetic) D = 5 counterpart, 
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of dimension 3g + 3. The irrep. R is given b; 



17 



q: 8 4 2 1 -2/3 

Gj: ^7(^25) SO*{l2) SU{3,3) Sp{6,R) SL{2,R) (5.89) 
R: 56 32' 20 14' 4 

On the other hand, the irrep. TZ is given by: 

q: 8 4 2 1 -2/3 

^4 : ^6(-26) SU*{6) SL{3,C) SL(3,M) 5L(2,M) (5.90) 

TZ: 27 15 9 = (3,3) 6' 1 

Therefore, the spht of signature of (q), which corresponds to a pair of Freudenthal systems 
9Jt(j|'), can be interpreted as the spht into two sets of Poincare-dual irreps. of SO{2)j x 
mcs {Gf); namely, the D = 4: graviphoton (2, 1) and the 3q + 3 matter vectors (2,7^), and 
their Poincare duals, namely the graviphoton (2, 1) and the 3q + 3 matter vectors (2,7^): 

(c, nc) = {6q + 8, 6g + 8) = ((2, 1) + (2,7^)) + ((2, 1) + (2,^)) of 50(2) j x mcs {Gj) . (5.91) 

Note that the 2 of the massless spin group S0{2)j corresponds to the two physical polarizations 
of the graviphotons. 

D = 5 : the relevant manifold is para-quaternionic, maximal and non-symmetric (recall ()5.42p and (|5.44p ): 

^ gu/'sUm) ■ = (8 + + D) ■ (^.f^) 

Such a signature splitting is covariant with respect to mcs (Gf) x S0{3). Indeed, it holds that: 

Gliq)DsSLi3,R)xGliq); 

Adjai = (8, 1) + (l, Adj^i) + {3,n) + (3',7e') ; ^^'^^^ 
SL{3,R) X Gl (q) D 50(3) x mcs (Gt) ; 

(3W,7^W) = (3, 1) + (3,9^) , ^ ■ ^ 

where the prime here denotes the non-compact analogue of conjugation. 9^ (dim= 3q+2) denotes 
the relevant irrep. of mcs (G4) into which the D = 5 matter vectors sit. Therefore, the split 
of signature of M| (q), which corresponds to a Jordan pair (see e.g. [2D]), can be interpreted 
as the split into two sets of Poincare-dual irreps. of 50(3) j x mcs (G4); namely, the D = 5 
graviphoton (3,1) and the 3g + 2 matter vectors (3,*H), and their Poincare duals, namely 
the graviphoton A^ (3, 1) and the 3q + 2 matter vectors (2,9^): 

(c, nc) = (9 (5 + 1) , 9 (g + 1)) = ((3, 1) + (3,9^)) + ((3, 1) + (3,9^)) of 50(3) x mcs (Gf) . 

(5.95) 

Note that the 3 of the massless spin group 50(3) = 50 (3) j corresponds to the three physical 
polarizations of the vectors in D = 5. 

D = 6 : the relevant manifold is maximal and non-symmetric (recall (j5.45p and (|5.47p ): 

" S0il,,+ lUA,-SH4,U} ■ = + 6. 11, + 6) . (5,96) 



Actually, in the case 5 = 4, 32' is the conjugate of the irreps. 32 in which the vectors sit; see App. |B]for further 
detail. 
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Such a signature sphtting is covariant with respect to SO {q + 1) x mcs (Aq) x SO (4). Indeed, 
it holds that: 

Gl (q) SL{4, R)x SO{l,q + l)x Aq] 

Adiai = (15,1,1) + (l,Adj50(i,,+i),l) + (l,l,Adj^J (5.97) 
+ (4, Spin, 2) + (4', Spin', 2) + (6, q + 2, 1) ; 

mcs 

SL{A, M) x SO (1, q + l)xAq D SU{2) x SU{2) x SO {q + 1) x mcs (Aq) ; 

(4W , SpinW , 2) = (2, 2, Spin, 2) , (5.98) 

(6, q + 2, 1) = (3, 1, q + 1, 1) + (1, 3, q + 1, 1) + (3, 1, 1, 1) + (1, 3, 1, 1). 

In ()5.97p . Spin, Spin' and q + 2 respectively denote the two conjugate chiral (semi)spinors and 
the vector irreps. oiSO{l,q + 1) ~ SL{2,A) (with A = M, C, M, O for g = 1,2,4,8, respectively), 
whereas in the right-hand side of (j5.98p Spin and q + 1 respectively denote the spinor and vector 
irreps. of SO {q + 1). The irrep. Spin of SO {q + 1) is given by: 

q: 8 4 2 1 

S0{q + 1): 50(9) 50(5) 50(3) 50(2) (5.99) 
Spin : 16 4 2 2 

Thus, through these branchings, the resulting pair of Poincare-dual irreps. of SU{2) x SU{2) x 
SO {q + l)xmcs {Aq) irreps. is composed by: i) the physical polarizations (2, 2, Spin, 2) of mass- 
less 1-forms and the physical polarizations of 2-forms, which (under the assumption of gravity 
sector to be anti-self-dual) split into (1, 3, 1, 1) (anti-self-dual gravity sector) and (3, 1, q -|- 1, 1) 
(self-dual matter sector); ii) the physical polarizations (2, 2, Spin, 2) of massless 3-forms and the 
physical polarizations of Poincare-dual 2-forms, which split into (3, 1, 1, 1) (self-dual Poincare- 
dual gravity sector) and (1, 3, q -|- 1, 1) (anti-self-dual Poincare-dual matter sector). The real 
dimension of each set of such irreps. can be computed as (here square brackets denote the integer 
part) 

2[g/2]+2+(i-5,,8) + 3 + 2) = llg + 6, (5.100) 

and thus corresponds to the signature split of Mf (g) in terms of irreps. of SU{2) x SU{2) x 
SO{q+ 1) X mcs {Aq): 

( (2, 2, Spin, 2) + (1, 3, 1, 1) + (3, 1, q + 1, 1) 
(c,nc) = (llg-h 6, llg-F 6) = < + (5.101) 

{ (2, 2, Spin, 2) + (3, 1, 1, 1) + (1, 3, q + 1, 1) . 

5.3 Hodge Involution and Coset Cohomology 

N 

* : K'^ ^ = A^-s-'^ (5.102) 



A general property of the cosets Mj^'s ()5.ip resides in the fact that the Hodge involution}^ 



acts as a symmetry of the coset cohomology, where the differential forms of order d are associated to 
d-fold antisymmetric irreps. A*^ of SO{D — 2) = mcs {SL{D — 2,R)). 

Note that, out of the possible forms belonging to the cohomology of SO {D — 2) = mcs {SL{D — 2 
the coset (j5.ip precisely singles out the physical massless p > forms of the corresponding super- 
gravity theory with M = 2N supersymmetries in D (Lorentzian) space-time dimensions. Indeed, by 



^*The involutive or anti-involutive property *'^A'* — ±A'* generally depends on the signature and the dimension 
of the group manifold whose cohomology is under consideration. In this case, the relevant group is SO{D — 2) — 
mcs {SL (D - 2, R)), and thus ^^A'' = A'' for D - 2 = 4n, while ♦^A'' = -A"* for D - 2 = 4n + 2 (n € N). 



37 



casting the Cartan decomposition of the cosets Mj^'s ()5.ip in manifestly SO{D — 2)-covariant way, 

D 

N 



the Lie algebra of itself branches as 



Q3 e (0^ e sliD - 2, M)) - Yl "^dM" + Y.'^d* A^, (5.103) 

d d 
manifestly 50(D— 2)-cov. 

where and respectively are the Lie algebras of and G^, and is the (real) dimension 
of the relevant irreps. of the [/-duality group in D dimensions. Note that the r.h.s. of (|5.103p 
is manifestly invariant under the Hodge involution * (|5.102p . Thus, the vanishing character ()5.2p of 
cosets Mj^'s (|5.ip trivially follows from 

d ^ ^ d ^ ^ 

By recalling formula (|5.5p . c {M^^ = nc {M^^ can also be computed as the real dimension of the 
"mcs counterparts" of cosets M^'s (|5.ip . namely of the cosets Mjy (j5.3p . 

In maximal theories {N = 16), by recalling the embedding (|2.2p and Table 2, one can trace back 
the fact that only d-fold antisymmetric irreps. A'^'s occur in (|5.103p to the embedding 

SO{16) D TZ]^ X SO{D - 2) J 

(5.105) 

Adj5o(16) = 16 Xa 16 = Ad]so(D-2) + Ed^d^'^- 

Namely, in SO{D — 2)j the antisymmetric rank-2 tensor product of spinor irreps. only contain 
antisymmetric d-fold irreps. (see e.g. [M|). We will consider here three examples, namely D = \1 and 
D = 10 (type IIA and IIB). 

(/) In maximal supergravity (A^ = 16) m D = 11, d = 2> and = 1, thus ()5.103p and ()5.104p 
specifies as follows: 

C8(8) Qst(9,M) ~ A3 + *A3 = a3 + A^ = 84 + 84; (5.106) 

manifestly 50 (9)-cov. 

In terms of the Cartan decomposition of the maximal non-symmetric Riemannian compact coset 
MIq = SO ( 16) /^O (9), the result (j5.107p can be obtained as a consequence of the maximal non- 
symmetric embedding^ (c/r. ()2.2p and Table 2) 

so(16) D„s so(9) 

Adj5o(i6) = (16 X 16)^ = Adjcjoo) + ^l- 

120 36 



^^The embedding (|5.108l) actually follow from a Theorem due to Dynkin [361 137] . applied to the self-conjugate spinor 
irrep. 16 of 50(9): 

SO(9) : 16 16 = A° + + A* = 1 + 9 + 126. 
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(I/) In maximal D = 10 IIA supergravity, the relevant values are d = 1,2,3 with ni = n2 = ns = 1, 
and thus (j5.103p and (j5.104p specifies as follows: 

e8(8) e (s[ (8, M) e so(l, 1)) ~ + + A3 + ^A^ + + = A^ + A^ + A^ + A^ + A^ + A^ 

manifestly SO{8)-cov. 

= (8„ + 28 + 56„) + (8^ + 28 + 56„) ; (5.109) 

^8(8) \ . /8\ /8\ /8\ /8^ 



S0{1,1) X SL{8,R) J \2j V3y Vj \Gj \5 

In terms of the Cartan decomposition of the non-maximal non-symmetric Riemannian compact 
coset Miy^^ = SO(16)/SO{8), the result (fmojl can be obtained as a consequence of the 
next-to-maximal non-symmetric embedding (Adj = A^; (c/r. (|2.2p and Table 2) 

so(16) Dns so(8) 
16 = 8, + 8c 

(5.111) 

Adjso{16) = (16 X 16)^ = (8, + 8c)Xa (8, + 8e) 
120 

= 8s Xa 8s + 8e Xa 8^ + 8, X 8^ = Adjso(8) + Aj + A2 + A3 . 

28 8" 56„ 

(///) In maximal D = W IIB supergravity, the relevant values are d = 2, 4 with n2 = 2n4 = 2, and 
thus (j5.103p and (|5.104p specifies as follows: 

68(8) e (s[(8,M) es[(2,M)) ~ 2A2 + A^ + 2*A1 + *A^ = 2A2 + A^ + 2A^ + A^ 

manifestly 50(8)-cov. 

= ((28,2) + (35„l)) + ((28,2) + (35c,l)); (5.112) 



SO{l,l) X SL{8,R) J \2j \4J \6j \4 



2 r + : =2: + 



nc(_. yi^^ \=91 = ,unJ ^^^^^^ 



50(1,1) X SL(8,M)7 ^ V^C'(8) X 50(2), 

(5.113) 

In terms of the Cartan decomposition of the non-maximal non-symmetric Riemannian compact 
coset = S0{16)/ {S0{8) x S0(2)), the result (|5.113p can be obtained as a consequence 

of the next-to-maximal non-symmetric embedding (c/r. ()2.2p and Table 2): 

so(16) Dns so(8) ©so(2) 
16 = (8„2) 

Adj50(i6) = (16 X 16)^ = (8„ 2) Xa (8„ 2) = (8, x^ 8„ 2 x, 2) + (8, x, 8„ 2 x^ 2) 
120 

= (28, 3) + (1, 1) + (35„ 1) = Adj5o(8),o + ^^iso(2),o + + AI2 + , 

28o lo 282 28_2 35a, 

(5.114) 

where in the last step the subscripts denote the charges of the D = 10 IIB 7^-symmetry so (2). 
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Finally, we present below the same analysis for other two "pure" supergravities: 

{IV) In = 12 supergravity (which shares the same bosonic sector of the quaternionic magical theory 
with = 4 [18J) in D = 5 , d=l and na = 15, thus (|5.103p and ()5.104p specifies as follows: 

e7(_5) e(su*(6)esl(3,R)) ~ (14 + 1) + (14 + 1) * = (14 + 1) + (14 + 1) 

manifestly SO{3)-cov. 

= (14 + 1)3+ (14 + 1)3 (5.115) 



SU*{6) X SL{3,R) J ^ ' ^ ' '\2j \SU*{6) x SL{3 

In terms of the Cartan decomposition of the maximal non-symmetric Riemannian compact coset 
^12 — SO{12) /U Sp{6) , the result ()5.116p can be obtained as a consequence of the maximal non- 
symmetric embedding 

so(12) Dns usp(6) esu(2) 
12 = (6, 2) 

(5.117) 

Adj5o(i2) = (12 X 12)„ = (6, 2) x„ (6, 2) = (6 x„ 6, 2 X, 2) + (6 X, 6, 2 x„ 2) 

66 

= (14,3)+ (1,3) + (21,1) , 

where the D = 5 massless spin algebra su(2) is not modded out in order to determine M^g; ^^'^ 
it corresponds to the "extra" U Sp{6) (7^-symmetry-)singlet, a peculiar feature of this extended 
supergravity theory (which makes it amenable to an = 4 interpretation). 

(V) In = 10 supergravity in = 4, d = 1 and rid = 10, thus ()5.103p and ()5.104p specifies as 
follows: 

e6(-i4) e (su(5,l) es[(2,M)) ~ lOA^ + 10 * A^ = lOA^ + lOA^ = (10) 2+ (10) 2 

manifestly 50(2)-cov. 



5C/(5,1) X 5L(2,M)y \SU{5,1) x SL{2,^ 

= 40 = dimM (^^^) . (5.118) 

In terms of the Cartan decomposition of the maximal non-symmetric Riemannian compact 
coset Mfo = 5O(10)/f/(5), the result ([5ll8]l can be obtained as a consequence of the maximal 
symmetric embedding 

so(lO) Ds su(5) eu(l) 
10 = 5i + 5 1 

(5.119) 

Adj5o(io) = (10 X 10), = (5i + 5_i) X, (5i + 5_i) 

45 _ _ _ 

= 5i x„ 5i + 5_i Xa 5_i + 5i X 5_i = IO2 + 10_2 + 24o + Iq, 
where the subscripts denote the charges with respect to the D = 4 massless spin algebra u(l). 
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6 Conclusion 



In this paper we have analyzed some consequences of the super-Ehlers structure of A'^-extended super- 
gravity theories in 15 ^ 4 space-time dimensions. As the Ehlers SL{D—2, M) is an off-sheh symmetry of 
the Lagrangian [9l ITOl [TT] , so there should exist an Hamiltonian formulation of light-cone supergravity 
in which [/-duality is an off-shell symmetry. Moreover, at least for any amount of supersymmetry 
^ 4, the Ehlers group can be regarded as the commutant of itself inside the [/-duality group 
G%mD = 3. 

The pseudo-Riemannian manifolds pertaining to the embedding of the super-Ehlers group G^ x 
SL{D - 2,M) into G%, namely the cosets M^'s dSl]), have been found to exhibit an interesting 
invariance under the Hodge involution (|5.102p , acting on the cohomology of , which in turn singles 
out only the physical massless p > forms of the corresponding supergravity theory, regarded as p-fold 
antisymmetric irreps. of the massless spin group SO{D — 2)j = mcs {SL{D — 2,R)Ehiers ) in 
(Lorentzian) space-time dimensions. 

The symmetry under the Hodge involution ()5.102p implies all the cosets Mj^'s ()5.ip to have a 
vanishing character, namely to have the same number of compact and non-compact generators : 
c [M^^ = nc (M^). Such a number, along with its manifestly SO{D — 2) j-covariant decomposition 
in terms of physical massless p > forms, can be computed by considering the Cartan decomposition 
of the cosets M^'s ([OI), which can be regarded as the "mcs counterpart" of Mj^'s (|5.ip . Indeed, 
the embedding of SO{D — 2)j inside Hf^ = mcs {G%) is such that the generators of split only 
into antisymmetric tensor irreps. of SO{D — 2)j itself, with multiplicities given by irreps. of = 
mcs (G^) . 

The approach of this paper may be relevant for the analysis of the issue of ultraviolet divergences 
in supergravity theories with maximal or non-maximal supersymmetry, by exploiting the light-cone 
formulation, along the lines e.g. of [T| [9l [TOl [XT]. 
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A Embeddings 

Let us start by recalling some useful definitions. 

Given two semisimple Lie groups G' and G, generated by the Lie algebras respectively, if 

G' C G (proper inclusion), we say that G' is maximal in G iff there is no proper subalgebra g" of q 
containing q' . If G' and G are complex semisimple Lie groups such that G' C G, the embedding of 
G' into G is regular iff one can find a basis of q' consisting of elements of a Gartan subalgebra f) of g 
and shift-generators Ea corresponding to roots a of g relative to f) |36]. Regular subalgebras q' of a 
semisimple Lie algebra g can be constructed using the simple procedure defined by Dynkin in [36]: the 
Dynkin diagram of g' can be obtained as a truncation of the extended diagram of g. When considering 
real forms G', G of complex semisimple Lie groups G^, Gc, we say that G' C G is regularly embedded 
in G iff the complexification g^ of g' is regularly embedded in the complexification gc of g. The 
embedding of G' into G is symmetric iff we can write g = g' © p, such that [g', p] C p and [p, p] C g'. 
Finally the embedding is rank-preserving iff rank(g') = rank(g). 
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A.l The Embeddings SL{D - 2,R) x Eu^d{ii-d) C E8(8) 

The D = 5 case SL(3,M) x Eg(g) C Egj-g) The embedding of s((3,M) © eg(6) C 63(8) is regular and 
can be described using Dynkin's construction [36j. Let us number the simple roots of 63(8) so that 
the Dj sub-Dynkin diagram consists of the roots 02, ■ ■ ■ ,ces, with 02 and 03 on the two symmetric 
legs, and ai is the L'y-spinor weight attached to 03, see Fig. [TJ The 63(8) Cartan matrix reads: 



O 



a2 



OhD— c^o— o— 

O-l a3 q;4 ctg cxj ag 



{ai, aj 



Figure 1: e8(8) Dynkin diagram. 
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In an orthonormal basis the simple roots Oi read: 
1 



as 



"2 (^1 + £2 + es + £4 + £5 + £6 



£6 



£7 
£2 



"3 = £6 - £7 ; "4 



£7 - £8j , 
£5 - £6 ; "5 



(A.l) 



£4 - £5 ; ae = £3 - £4 ; "7 = €2 - £3 ; 



(A.2) 



Let us denote by A4.[ e8(8)] = {a = Yl^=i ^i) set of positive roots of e8(8). The e6{6) subalgebra 
is defined by the sub-Dynkin diagram consisting of the simple roots Qa, a = 1, . . . , 6. The 36 positive 
e6(6)-i'oots be denoted by 7a, so that: 



^+[ ^6(6)] = {lA = ^ n\ aa} . 



(A.3) 



a=l 



Furthermore let us consider the following positive roots /3a;, x = 1, 2, 3: 

/3i = as = £1 - £2 ; 1^2 = 2ai + 3a2 + 4a3 + 604 + 605 + 4a6 + 3a7 + as = £2 + £8 
j3^ = 2qi + 3a2 + 4a3 + 6a4 + Sas + 4a6 + 3a7 + 2as = ei + es . 



(A.4) 



One can easily verify that (i^ generate an s[(3, M)-root space which is orthogonal to A+[ 65(6)]: f^x'lA 
0. We have then constructed an s[(3,R) 65(6) subalgebra of e8{8): 



s[(3,M) — Span(//^j, H^^, E±p^, E±p^, 
«6(6) = Span(Fa^ , E±^^ ) a = 1, . . . , 6 

A = 1, . . . , 36 



(A.5) 
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Within s[(3,M) © 65(6) we can identify its maximal compact subalgebra so(3) © usp(8), which is a 
maximal subalgebra of so (16): 



S0(16) = Span(So - £^_a)agA_^[ e^fg,] , 

50(3) = Span(£;;3^ - -E_^^)^.=i,2,3 , 
usp(8) = Span(S^^ - E_^^)a=i,...,36 ■ 
With respect to this S0(3) x USp(8) subgroup of S0(16) the coset space 

^ = 28(8) eS0(16) = Span(i?a,, + E^a)aeA+[ cg(8)];i=l,...,8 , 

should decompose as follows: 

= j^[s[(3, M)] © Si[ e6(6)] © (3, 27) , 
J^[s[(3,M)] =s[(3,M) eso(3) = Span{Hp,, Hp,, + S_/3jx=i,2,3 = (5,1) 



^[ = ^6(6) e usp(8) = Span(F«^, E^^ + E^ 



A = 1. 



, 6 
, 36 



(1,42) 



(A.6) 
(A.7) 



(A., 



Generalizing to SL(Z) — 2,M) x '^\x_y){^\\_d\^ C Egj-g) The above construction is extended to define 
the embedding of s[(D — 2,]R) © t\\_Y){\\-j:)) C e8(8); -C) > 4, following the same recipe by Dynkin. 
The embedding of eii-D{ii-D) is defined by deleting in the 63(8) Dynkin diagram the last -D — 3 
simple roots to the right, namely ayi-o^ ■ ■ ■ ,«8, see Fig. [2j The set of positive roots of eii-D(ii-D) 




6(6) 



(D = 6) SO(5,5) 



)-0 (i^ = 7) SL(5) 



)^(D = 8) SL(2)xSL(3) 



(D = 9) GL(2) 



Figure 2: The filled circles define the eii_£)(ii_£)) sub-Dynkin diagram, while the thick circle repre- 
sents the exceptional root —"0, ■0 = ei + eg being the highest root of eg, which, together with the other 
roots in the rectangles, defines the Dynkin diagram of s[(-D — 2,M). 



reads: 



A+[ t\\-D{\\-D)\ = {ia} = {ea ± efo. 



£8 
2 



D-3 

T 

Q = l 



+ 



E 

\a=D-2 



odd +. 



(A.9) 
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where those in square brackets are the weights of a chiral spinorial representation of the so(10 — D, 10 — 
D) subalgebra of eii_£)(ii_£)). The set of positive roots of 5[{D — 2,R) reads: 

A+[5l{D - 2,M)] = {/3J = {e„ - e/j, e„ + eg} , (A.IO) 

where a, f3 = 1, . . . , D — 3, (3 > a and x = 1, . . . , {D — 3){D — 2)/2. One can easily verify that the two 
root systems are orthogonal, namely: Px ■ = 0. 

This defines the 5l{D — 2,M) © Cii-_d(ii-_d) subalgebra of e8(8): 

5i{D - 2,M) = Span(/fQ,j3_^, . . . ,Has, -f^ei+eg, ^±/3^)^^eA+[sl(Z)-2,]R)] 5 

eii-D(ii-D) = Span(i7a„, E'-t^^) a = i,...,ii-D , D = 4, . . . , 8 , 

e2(2) = Span{Ha„Hx, E±^,) ,D = 9, (A. 11) 

where the generators Ha^^_^, . . . , H^g^, in the first line, are not counted for D = 4, for which the only 
Cartan generator of s[(2,M) is H^-^^^^. In the D = 9 case, the vector A in the last line is: A = ey — ai/4 
and is orthogonal to the (3x and to ai. 

As far as the corresponding maximal compact subalgebra 5o{D — 2) (B Sjd is concerned, its can be 
constructed as follows: 

50{D - 2) = Span(E/3^ - ^-/3j/3,eA+[<ii(D-2,iR)] , 

S)d = Span(^^^ - cn-i,(ii-i,)] ' (A-12) 

where is the maximal compact subalgebra of in-D{ii-D)- 

In the D = 10 case we need to consider the type IIA and type IIB descriptions in which the relevant 
subgroups of ^8(8) are SL(8,M) x S0(1, 1) and SL(8,M)' x SL(2, M), respectively^ Their embeddings 
are illustrated in Fig. [6j In the former case the ?7-duality group is S0(1, 1) and is generated by the 
Cartan generator X]^=i ~ ^-ffeg- 

A. 2 Other Embeddings 

Embeddings considered here were also dealt with in [T6]. Here we provide a detailed and explicit 
construction of a number of embeddings in terms of the generators of the corresponding Lie algebras, 
using the notation of ^13j. Let us start discussing in detail the embeddings of -E'6(-26) ^ SL(3,M) and 
S0(l,9) X SL(4, M) inside -E'8(_24)- At the level of the corresponding Lie algebras, these embeddings 
are illustrated in Figure [3l where the Satake diagrams of ee(_26) ©s[(3,]R) and so(l,9) ©s[(4, M) 
are obtained from the e8(-24) oris once again using Dynkin's procedure of extending the latter and 
canceling a suitable simple root. Let us briefly review the definition of Satake diagrams for non- 
split (i.e. non-maximally-non-compact) Lie algebras and the construction of the eg(_26) ffisl(3,M) and 
so(l,9) ©5l(4, M) generators in terms of a canonical basis of the complex e8. The latter consists of 
a basis {H^.}, i = 1 . . . , 8, of Cartan generators, with respect to which the e8 roots are defined, and 
shift operators Ea, -E-a, a being the 120 positive roots. The real form e8(-24) is characterized by a 
Cartan subalgebra f) which splits into the direct sum of a subspace of non-compact generators (i.e. 
generators which are odd with respect to the Cartan involution r o) and a subspace f)'^ of compact 
generators, defined in terms of the {H^.} as follows: 

(, = (,"'=©(,-; fj- = Span(i H^, ,iH^„iH^„i H^, ) ; f)" ' = Span(i/,, , H,, , H,, , H,,) , (A. 13) 
^°We shall omit the prime in the following. 

^^We can always find a suitable basis for the matrix representation of the generators so that t{M) — — M^. This means 
that we shall regard compactness and non-compactness of a generator to be synonyms, in any matrix representation, of 
being anti-hermitian and hermitian, respectively. Moreover, in our conventions, E-a ~ —T{Ea) = E]^. 
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Figure 3: Prom top to bottom: Satake diagram of tg(^-24) and embeddings of the e6(-26) ©s[(3,M) and 
so(l,9) ©5[(4, M) diagrams inside the extension of the e8(-24) one. 

Note that i)'^ is the Cartan subalgebra of an so (8) subalgebra of e8(_24) whose Dynkin diagram is 
defined by the black roots in Fig. [3j The eg positive roots split into a 12-dimensional sub-space 
A^^fcg] of roots having null restriction to f)"'^ and a 108-dimensional space A+[e8] of roots with a 
non-trivial restriction to f)"'^: 

A+[e8] = Af hleA+h]. (A. 14) 

The conjugation a with respect to e8(-24) is the conjugation on the complex cg which leaves the 
elements of the subalgebra e8(-24) invariant. It defines a correspondence between eg-roots a a'^ 
such that cr{Ea) cx Eaa. The couple of roots a , a°" satisfies the property: 

a|(,nc = Q!'^|(,nc ; a|(jc = — a'^ifjc . (A. 15) 

Clearly if a € Ay^[e8], a'^ = —a, while if a G A+[e8] and a|(,c = 0, we have a'^ = a. Thus if 
a G A_(_[e8], to each couple of nilpotent generators Ea and (7{Ea) in eg, there corresponds a couple 
of nilpotent generators in e8(_24) given by the cx-invariant combinations i {E^ — a{Ea)), E^ + a{Ea), 

which can be both brought to an upper-triangular form, for all a. If, on the other hand, a G A^^ [eg] , 
the same combinations define compact so(8) generators i {Ea + E^a), Ea — E^a- 

To summarize, the e8(_24) generators can be expressed in terms of the eg canonical basis as follows: 

e8(-24) = © 1+ © L © mo , 

[+ =Span[i{Ea- (T{Ea)), Ea + Cr{Ea)](^a,a'')&A+[^s] ' 

L = Span[i {E^a - (^{E^a)), E-a + Cr{E^a)]^a,a'')eA+[cs] ' 

mo = Span [i {Ea + E_a), Ea - E-al^^^m^^^^ , (A.16) 

The 1 12-dimensional solvable Lie algebra Sq = f)"'^©[+ is the one defined by the Iwasawa decomposition 
of e8(_24) with respect to e7(_i33) ©su(2), and its generators, in a suitable basis, can all be represented 
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by upper-triangular matrices. The centralizer of f)"'^ is the so (8) subalgebra given by f)'^ © mo and is 
also contained inside the subalgebras e6(_26) and so(l,9), as it is apparent from Fig. [3l 
The e6(_26) generators in terms of the above e8(_24) ones are easily written: 

e6(-26) = f)' © ® t ® mo , 

['+ = Span[f {Ea - a{Ea)), + f^(^a)](„,a<.)eA+[c8]nA+[e6] ' 
t = Span[i(^_„ -f7(S„„)), E^^ + a{E^cd\a,o,-)&A+[,s]n^+[^f,] ' 
mo = Span [i {E^ + E^ - -^-a]„gA^°)[c8] ' (^•1'') 

where A+ [eg] are the eg-positive roots in the eg-root system, while 

fj' = [j'- e ; = Span(/?,,+,,_,3, i7,3) . (A.18) 
The sl(3,M) subalgebra commuting with e6(-26) has the following form: 

S[(3,M) = Span[i?,,_e2, ^^-ei-£8' -^±/3^] = {ci -£2, €8 + 61, £8 + £2} , 

note that = /3x- 

Finally the so(l,9) C e6{-26) generators read: 

so(l,9) = f}"©[+©['^emo, 

['I = Span[i {Ea - Cr{Ea)), E^ + '7(^a)](a,a-)eA+[c8]nA+[so(10)] ' 

\!'_ = Span[i(£;_a - (j{E^a)), ^-a + Cr(-E^-Q)](a, a<^)GA+[e8]nA+[sD(10)] ' 

mo = Span [i {E^ + E^^), - -^-ol^gAf [c8] ' ^^'^^^ 
where A+[so(10)] are the roots of the complex so(lO) algebra within eg-root system, and 

f," = fj"- e ; = Span(/7,,+,,+,3_,3) . (A.20) 

The s[(4,M) subalgebra commuting with so(l,9) is described by the following generators: 

S[(4,M) = Span [//e^.ej, H^2-<i:v H-ei-eg, E^i^J , = {ea - ei3, 68 + eo}a</3,a,/3=l,2,3 ; 

By the same token we can prove other embeddings, like SL(3,R) x SU*(6) C ^7(-5) and SL(3,C) x 
SL(3,M) C £^6(2)) see Fig. HI In the latter case there is a subtlety which is not apparent from the 
truncation of the extended Satake diagram: The bottom-right diagram in Fig. [Hwould naively suggest 
that the roots 01,03,05,05 define two commuting s[(3,IR) subalgebras. This is however not the case 
since, as represented by the lower arrows, the conjugation a corresponding to the real form eg(2) inside 
the complex zq, maps oi and 03 into of = oq and 03 = 05, respectively. As a consequence of this 
the tQ shift generators corresponding to the two orthogonal s[(3,M) root spaces are mixed together 
in fj-invariant combinations inside 66(2); which make the shift generators of a s[(3,C) subalgebra. 
This subalgebra also contains the two non-compact combinations H^^ + Hag , + and the two 
compact combinations i{Ha^ — Haa), i {Ha^ — Ha^) of the Cartan generators. 

In Fig. Othe embeddings SL(4,M) x S0(3) x S0(l,5) C E^i^_^) and SL(2,C) x SL(4,M) x S0(2) C 
£'6(2) are illustrated. 

A. 3 General Features 

One can generalize the above discussion and show that, as a general feature of the embeddings con- 
sidered in this work, the algebra, and its super-Ehlers subalgebra © 5i{D — 2) can be written 
in the forms: 

3^ = f) © [+ © L © mo ; 0^ © 5\{D - 2) = f) © 1+ © L © mo . 

(A.21) 
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£^6(2) SL(3,C) X SL(3,]R) C £5(2) 



Figure 4: Embeddings SL(3,M) x SU*(6) C ^7(_5) and SL(3,C) x SL(3,M) C Eq(^2)- The thick circle 
is, as usual, the opposite of the highest root of the corresponding algebra. 

Note that, as a consequence of the regularity of the embedding and properties p.Sp . ()1.4p . their Cartan 
subalgebras 

f, = f^"^ , (A.22) 

can be chosen to coincide, where dim(f)"'^) is the non-compact rank of the two groups. This is implicit 
in Dynkin's construction of the (B sl{D — 2) algebra by truncating the extended diagram of gf^. 
Moreover the centralizer of f)"'^, which is the compact algebra f)'^ ©mo, is common to the two algebras: 

© mo C 0^ fl [0^ © 5l{D - 2)] . (A.23) 

For a split (maximally non-compact) 0^, f)^ = mo = and a'^ = a. 
The nilpotent spaces l±, l± have the form: 

[± = Span [i {E±o. - (t{E±^)), E±^ + cr{E±a)](^a,a-)e A+lg%] ' 

[± = Span [i {E±a - (T{E±a)), E±a + <7(£^±a)](„,a<.)gA+[03,]n A+[g^©sl(D-2)] > (A.24) 

where, as usual, A+[0^] denotes the set of positive roots of the (complexification of) 0^ with non- 
trivial restriction to f)"*^, and A+[0^ ©s[(-D — 2)] the set of positive roots of the (complexification of) 
0^ (B 5l{D — 2), which is a subset of A_|_[0^]. Thus in general we have: 

l±Ci±. (A.25) 

We can then write the coset space as follows: 

Q%e[QN®5KD-2)]=m+e^-, (A.26) 



47 



[OCK)] --<'>--| #-0~#) 

SL(4,R) X SO(3) X SO(l,5) C ^7(-5) 




SL(2,C) X 5L(4,M) x SO(2) c Eq^2) 



Figure 5: Embeddings SL(4,M) x S0(3) x S0(1, 5) C E^.^^ and SL(2,C) x SL(4,M) x S0(2) C ^6(2)- 

where = l± l±. Semisimplicity of and implies that dim([+) = dim([_) and dim([+) = 
dim([_), so that dim(5T+) = dim(D'I~). More precisely, in a suitable basis, for each strictly-upper- 
triangular matrix M+ representing an element in OT"*", its (strictly- lower-triangular) hermitian-conjugate 
M_ = = — r(M_|_) represents an element in The former is given by a generator either of the 
form i {Ea — a{Ea)) or Ea + a{Ea), for some a E K^[q^^]qA+[q^®5[{D — 2)], the latter wih either be 
— i {E-a — cr{E-a)) or E^a + f^iE-a), Corresponding to the same a. Thus if ^ = 1, . . . , dim(9I^), 

is a basis of O^t^, {Lj} = {— r(L^)} is a basis of and we can also write the coset space in the form: 

0?^e[0^es[(z)-2)] = aI^e5ft"^ (A.27) 

where 

= Span(L+ + L-); 01^ = Span(L+ - L7) , (A.28) 

which are the eigenspaces of r on ©5^~ corresponding to the eigenvalues —1 and +1, respectively. 
These subspaces define representations with respect to the compact group SO(D — 2) x mcs(G^). With 
respect to the G^-invariant scalar product on g^, OT'^ and 01"''^ have negative and positive signatures, 
respectively. Since 

dim(at'=) = dim(9T"'^) , (A.29) 
the manifold Mjy in ()5.ip has vanishing character, being 

c(M^) = dim(9T") = dim(ai"^) = nc(M^) , 

as also proven in Sect 15.31 We shall come back on this issue in Appendix O 
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B 5o(8,8) Outer Automorphisms and Dual Subalgebras of e8(8) 



Consider in the maximal D = 3 theory the effect of an 0(8, 8) "reflection" of the form: 

where each block is an 8 x 8 matrix and is the zero-matrix except for only an odd number k of Is 
along the diagonal. Such transformation, which belongs to the 0(8) subgroup of 0(8,8), is an outer 
automorphism of the Dg algebra whose effect, modulo Weyl transformations of the same algebra, is 
to interchange 02 with 03 in Fig. [TJ While it is a symmetry of the -Dg Dynkin diagram, it is not a 
symmetry of the eg^g) one, as it changes the S0(8, 8)-chirality of the ai root, which is a -Dg-spinorial 
weight [23]. In particular this outer automorphism may map inequivalent subalgebras g, q' of 50(8,8) 
into one another. This is the case of subalgebras g (and thus g') which are the direct sum of commuting 
ylfe-algebras with odd rank k. In mathematical language such dual subalgebras are said to be linearly 
equivalent, i.e. in any matrix representation they are equivalent through conjugation by means of a 
matrix, which is however not necessarily a representation of an S0(8, 8) element, as it is the case 
for the outer automorphisms. Equivalence therefore implies linear equivalence though the reverse 
implication is not true. With respect to g and g', a same spinorial representation of so(8, 8), and thus 
the adjoint representation of the whole eg(g), will branch differently. They are clearly inequivalent 
eg(g)-subalgebras. Examples are given in [55]: g = s[(8), s[(6) ©s[(2), sl(4) ©s[(4), etc., see FigO 



Dq outer automorphism (IIA-IIB duality) 




Figure 6: Outer automorphism of the subalgebra of eg and two inequivalent 51(8, M) subalgebras 
of eg(g)- 

What has been said for so(8, 8) also holds for the so*(16) and so(16) subalgebras of eg(g). For in- 
stance there are two inequivalent u(8), u'(8) in either so*(16) or so(16). One contains the i?-symmetry 
algebras su(8), usp(8), etc. of the higher dimensional parent maximal supergravities, the other dual 
subalgebras 5u'(8), U5p'(8), etc. which are not contained in the chain of exceptional duality algebras 

^7(7), ^6(6) etc. 
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Let us briefly recall the relation between outer automorphisms of so(8,8) and dualities. Consider 
the toroidal reduction of the D = 11 theory down to D = 3 (in the Einstein frame). The Kaluza-Klein 
ansatz for the metric reads: 

G^ilP = f ""'^ ^^'L^ ^^"p^^ GnpG^ . ^ ^ _ 1 (det(G„„)) , (B.2) 



where /I, P = 0, . . . , 10, = 0, 1, 2, m, n = 3, . . . , 10 and the internal metric of is conveniently 
written as follows: 

G = {Gmp) = EE^ = ED^E^ , (B.3) 

where E = {Em"") is the vielbein of the coset GL(8, M)/S0(8), a = 3, . . . , 10, written as the product 
of a matrix E which only depends on the axionic moduli associated with the off-diagonal components 
of the metric times the diagonal matrix D = (-Dm") = (e*^" ^m)- The exponentials e'^" can be viewed 
as the internal radii Ra- The bosonic section of the D = ?> Lagrangian readj^: 



^C, = ^-\d,h-d^h-\Y, e'^-^-'^^^P.J'P^a' ^-'^"'-^^ F^aF^a- 

a<b a 
1 1 



4 ^ ^ 12 

a.b a,b,c 



where P^a^ = (E ^5^E)a^ and the dialtonic vector h has the following form in the (e^) orthonormal 
basis: 

^ = E + +f^ + E-'^)^s. (B.5) 

a=3 \ a=3 / 

The field strengths F^a and F^""^ are associated with the scalars Xn and x*"" dual in D = 3 to the 
vectors and A^mn respectively, while F^abc is the one pertaining to the scalars Amnp- In these 
conventions, the lower (or upper) internal S0(8)-indices a, 6, c of these field strengths are related to 
the SL(8,M) indices m,n,p by means of E (or E~^). For instance: 

FfMabc — Fd El, EfP F^fnnp i F^jYinp — dfj^A^nnp ■ (I^'^) 

The above Lagrangian can also be written in the more compact form: 

e-'C3 = ^-^d^h-d^h-^ g-2a./;^(a)^MH^ (B.7) 

where the one- forms ^^^^ are associated with each of the e8(8)-positive roots a flOl HH |l2]l^ It is 
useful to express the various radial moduli aa in terms of the corresponding fields (Tq in the D = 10 
string frame: 

(p 2 , , 

o-a = o-a - - , a = 3, . . . , 9 ; aio = - , (B.8) 

we find: 

8 9 / ^ \ 

h = Yhiei = J2^a ea-2 + -20 + ^ eg . (B.9) 

i=l a=3 \ a=3 / 



^■^We adopt the mostly plus signature for the metric. 

^■^The representation ()B.7[) of the D = 3 Lagrangian applies to all 73 = 3 supergravities. In the general (non necessarily 
maximal) case, h is a. suitable dilaton-dependent vector in the \)"'^ subspace of the Cartan subalgebra of g%, while a are 
the restrictions to f}"'^ of the q% positive roots {restricted roots, see [15]'). 
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The outer automorphism Ok in (jB.ip has the effect of changing the sign to an odd number of Ca, or, 
equivalently, to their coefficients in h: 

ti^ ^ -ei, ; t = \,...,k. (B.IO) 

To see this let us consider the effect of on the dilatonic part of the coset representative of 
0(8,8)/[0(8) X 0(8)], which has the following form: 

^ f'^'f > .1. ^ . (B.n) 



(e-^'5i^) 
We see that: 

Ol^Ti{K)Ok = D(/^') , (B.12) 

where /i'^ = — /ij,,, ^i^i,^ = hi^i^, £ = 1, . . . , k. If run between 1 and 7, this transformation amounts 
to a T-duality along the internal directions 



k 

These transformations map type IIA into type IIB theory. If /c = 1 and ig = 8 then there is an 
5-duality involved: a!- = di and 0' = — (/> + Y^a=?, ^o-- 

Instead of considering inequivalent T-dual subalgebras g, g' C so(8, 8) within a same 63(8) algebra, 
we may adopt an equivalent point of view and consider a same subalgebra g C so (8, 8) within two 
63(8) algebras, called in [23] e^^g^ and egj-g^lffl defined respectively by completing the so (8, 8) Dynkin 
diagram with spinorial weights of different chiralities, namely attaching the weight a\ to as, as in Fig. 
[H or a weight a'^ to defined as follows: 

1 / \ , , T-duality along , ^ \ , .t^i.n 

ai = -- \y^eij +67 + 68 — > "1 = "2 I Z^^i I +«8- (B.14) 

This is useful if, for instance, we fix the q = 0[(8,M) C so(8, 8) group to be the same in the type 
IIA and type IIB settings. Then the different 0[(8, M)-weights defining the dimensionally reduced 
type IIA and type IIB forms are obtained by branching the adjoint representations of e^^g^ and tg^g-j, 
respectively, with respect to the common g[(8,M), (23]. 

The doubling of the equivalence classes inside a Dn algebra into dual pairs, discussed above, does 
not occur if the subalgebra is the sum of commuting algebras in the case in which either all of them 
are of type A^. with even rank k, or at least one of them is of type D [36]. This is consistent with the 
fact observed in Subsect. 12. H that the SL(7, M) D = 9 Ehlers subgroups of S0(8, 8) which pertain 
to the type IIA and IIB descriptions are equivalent. The same rule guarantees that, in Z? = 6, the 
SO(5,5) X SL(4,R) subgroups of SO(8,8) in the type IIA and IIB settings, are equivalent. 

C Poincare Duality and Level Decomposition 

Consider now the branching of the adjoint representation of g^ with respect to SL(L' — 2) x G^: 

Adj^a^ ^ (AdjsL(B„2),l)©(l,Adjcfl)0 Olrf, 

d 



(A^7^,)©(*A^7^:^) , (c.i) 



Actually in [23] only the D = 4 theory was considered, the T-duality group being 0(6, 6) in this case, and the 

± 

7(7) 



algebras t^fj) defined 
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where it is understood that if {A'^,7ld) = {*A'^,Tl'^), they are counted just once in In hght of our 
discussion in Appendix IA.31 we can write the coset space as the carrier of a representation 0^ OT^, 
namely rewrite eq. (|A.26p as follows: 

0?^e(0^e5ip-2)) = ai+©ai- = (c.2) 

d 

In fact each subspace splits into conjugate nilpotent subalgebras as follows: 

5id = 9T+©9i^ , ai+ = aidf|aT+ , = mdf]m- = t{^+), (c.3) 

this being a consequence of the property: r(9Irf) = Each nilpotent subalgebra D^I^ or 5^1^ separately 
defines a representation with respect to (the adjoint action of) and the subgroup GL(L' — 3) C 
SL{D — 2), though not with respect to SL(D — 2) itself. We can decompose each space 01^ into 
eigenspaces of the Cartan involution r, consisting of compact and non-compact generators: 

md = m-d(BmT , m'd = m'f]md , m^' = m'''f]md. (c.4) 

These subspaces define representations with respect to the compact group SO(D — 2) x mcs{G^) and, 
moreover 

dim(aiS) = dim(Oir) • (C.5) 

For the sake of simplicity, let us consider a split (maximally non-compact) g'^. Then each 5^1^ will be 
generated by shift operators corresponding to a certain set of positive roots a^'^^ and their negatives: 

= Span(£'^(d), -E_^(d))^{d)£^^[g3^] , (C.6) 

and the conjugate nilpotent subalgebras are 5^1^ = Span(£'^{d)) and 5^1^ = Span(£'_^(d)). The 
eigenspaces 91^'^, 91^ of the Cartan involution, consisting of compact and non-compact generators 
read: 

= Span(£;^(d) - -E_„(d))^{d)gA+[g3,] ; = Span(£;^(d) + -E^_Q(d))c^(d)GA+[g3^] • (C-7) 

Each positive root a^^^ corresponds to a D = 3 scalar field in the Lagrangian ()B.7p . For a given d 
the roots a*^"^^ are defined by the level decomposition of the g^-roots with respect to the root which is 
truncated out of its extended diagram in order to define the 5l{D — 2)-subdiagraml^ 

Let us illustrate this procedure in the maximal theory. As shown in Appendix|Xl the eii_z)(ii-z)) ^ 
sl{D — 2) diagram is obtained by deleting from the t^^g^ -extended Dynkin diagram the root ai2-D- 
The 5i{D — 2) subalgebra is defined by the simple roots ui^-d, ■ ■ ■ , as, — V') = + ^8 being the 63(8) 
highest root, while its qI{D — 3) subalgebra only by the roots ai^-D, ■ ■ ■ ,«8- Writing a generic 63(8) 
positive root in the simple root basis: 

8 

a = '^niai, (C.8) 

1=1 

the positive integer defines the level of a with respect to aj. Let us consider the level-decomposition 

with respect to the root ai2-D for dimensions D < 9, namely the values of ni2-D defining the roots 
aWj26| 

^^In the non-split case, one should consider the level decomposition of the restricted roots. Level decompositions are 
a common procedure in the Eio and En approaches to maximal supergravity [431 144j . 

■^^More precisely, the level is the grading of the generator Ea with respect to the SO(l, 1) generator H^i (i.e. 
[H^ijEc] = ri^ Ea), A' being the q% simple weights. The level decomposition is defined by the Cartan generator which 
is orthogonal to the Cartan subalgebra of © ~ 3) (and therefore commutes with © 0'(-^ ~ 3)). In the maximal 
theory, for D < 9, the relevant Cartan generator is H)^i2-d and thus the level to consider is 7112-13. For D = 9 the 
generator is + Hyi and so we shall consider the decomposition with respect to the integer n = 712 + 713. In the type 
IIA D = 10 description, the generator is Hxi + 2 Hx2 and the decomposition will be effected with respect to 77 = rii + 2 772 . 
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D = 4. In the case of Z) = 4 we have 63 roots with ng = 0, corresponding to the 67(7^ -positive roots. 
The level ng = 1 roots are 56 and are the a^-*^^ -roots whose shift generators E_^^(i) define the carrier 
space of the ^d=i = (1) 56) representation. The level ng = 2 root defines, with its negative, the shift 
generators in the quotient sl{D — 2) Q qI{D — 3) = sl(2) Q which are the two shift generators of 

the Ehlers group. 

D = 5. Consider now the D = 5 case. There are 37 level-n7 = roots corresponding to the 
positive roots of 65(6) ® 0^(2)- The lcvcl-n7 = 1 roots arc 54 and define in '^^^i a subspacc in the 
(2, 27)-representation of SL{D — 3) x £^6(6) = SL(2) x £"6(6)) while the 27 level-n7 = 2 roots define a 
subspace in the (1,27') with respect to the same group. The space ^^^^ will be the carrier of the 
conjugate representations. Together, the level 717 = 1,2 roots and their negatives define the space 
5Td=i = ^'^^^ e ^^^^ = (3, 27) © (3', 27'), and are collectively denoted by a'-^\ Finally the 2 level- 
n7 = 3 roots, with their negative, define the generators of the coset s[(D — 2)Qgl(D — 3) = sl(3)0gl(2). 

D = 6. As far as the D = 6 case is concerned, the 23 level-ne = roots are positive roots of 
g[(3) ©50(5,5), while the 48 level-ng = 1 and the 16 level-ne = 3 roots define generators in Vf^^^ 
transforming in the (3, 16) and (1, 16') of SL(i:>-3) x S0(5, 5) = SL(3) x S0(5, 5), respectively. These 
are the a^^^ roots, which, together with their negatives, define the ^d=i = (4, 16) © (4', 16') space. 
The roots a^^) {d = 2) are 30 and have Uq = 2. The corresponding space ^^=2 carrier of a (3, 10) 

representation of SL(3) x S0(5, 5), while -£±^(2) generate the 91^=2 = (6, 10). Finally the 3 level-ne = 4 
roots, with their negative, define the generators of the coset sl{D — 2) © gl{D — 3) = 5l(4) © qI{3). 
A similar pattern occurs in the higher- cases. 

D = 7. For D = 7, we have 16 roots with ns = which are the roots of g[(4) ©s[(5). The 40 715 = 1 
and the 10 715 = 4 roots define subspaces of 0T;[^^ in the (4, 10') and (1, 10) of SL{D - 3) x SL(5) = 
SL(4) X SL(5), respectively. These are the a^^^-roots and the space ^d=i = ^d=i ®^d=i carrier 
of the representation (5, 10') © (5', 10) of SL(5) x SL(5). The a^^^-roots consist in the 30 level-ns = 2 
and the 20 level-ns = 3 roots defining the representations (6, 5) and (4', 5') of SL(4) x SL(5) in OT^^g' 
respectively. The space ^d=2 = ^d=2 ® ^d=2 then defines the representation (10, 5) © (10', 5') of 
SL(5) X SL(5). Finally the 4 level-ns = 5 roots, with their negative, define the generators of the coset 
5l{D - 2) © gi{D - 3) = sl(5) © s[(4). 

D = 8. In the D = 8 case the 14 n4 = roots are the positive roots of £(I(5) ©sl(2) ©s[(3). The a^^h 
consist of the 30 n4 = 1 and the 6 n4 = 5 roots defining the SL(5) x SL(2) x SL(3)-representations 
(5,2,3') © (1,2,3) in OT^^^ which, together with the conjugate representations in ^d=i^ complete 
the md=i = (6,2,3') © (6', 2, 3) of SL(6) x SL(2) x SL(3). The a^-'^h are defined by the 30 n4 = 2 
and 15 n4 = 4 roots, corresponding to the representation (10,1,3) © (5', 1,3') in OtJ^2> ^^^^ 
fnd=2 = ^a=2 ® ^d=2 = (15,1,3) © (15', 1,3') of SL(6) x SL(2) x SL(3). The a^^) roots arc the 
20 ones with n4 = 3. They define the m'^^^ space in the (10,2,1) of SL(5) x SL(2) x SL(3) which, 
together with OT^^g, complete the 01^=3 = (20, 2, 1) of SL(6) x SL(2) x SL(3). The remaining 5 roots 
with n4 = 6, with their negative, define the generators of the coset sl{D — 2)QqI{D — 3) = s[(6)©0l(5). 

D = 9. The same analysis applies to D = 9, although in this case we shall consider the sum 
n = n2+n3. There are 16 roots with n = 0, which are the positive roots of the algebra g[(6)©0l(2). The 
a^^) roots consist of the 18 with n = 1 and the 3 with n = 6, defining the SL(6) x GL(2)-representations 
(6,2_|_3 + I-4) © (1,2_3 + 1+4) in ^^^i which, together with the conjugate representations in 
complete the ^^=1 = (7, 2+3 + 1_4) © (7', 2_3 + I+4) of SL(7) x GL(2). The a^'^h are the 30 roots 
with n = 2 and the 12 with n = 5 defining the SL(6) x GL(2)-representations (15,2_i) © (6',2_|_i) 
in 0T^^2' so that 01^=2 = ^d=2 ® ^d=2 = (21,2_i) © (21',2+i). Next we have to consider the 20 
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n = 3 and the 15 n = 4 roots which make the q*-^^ and define the SL(6) x GL(2)-representations 
(20, 1+2) e (15', 1_2) in Otj=3, so that ^d=3 = ^1=3 ® ^d=3 = (3^' ^+2) ® (35', 1-2)- Finally the 6 
n = 7 roots, with their negative, define the generators of the coset sl{D — 2)QqI{D — 3) = sl(7)00l(6). 

D = 10, IIB. In the D = 10 case we have to distinguish between the type IIA and IIB theories. In 
the type IIB setting we need consider the level 7x3 with respect to as. The 22 roots with na = are 
the positive roots of 0l(7) ©sl(2), sl(2) being the [/"-duality group. In this case we only have d = 2,4. 
The a'^^^s consist of the 42 723 = 1 and the 14 n-s = 3 defining the SL(7) x SL(2)-representations 
(21, 2) e (7', 2) in 9Z+^2' so that 01^=2 = ^d=2 ® ^d=2 = (28, 2) (28', 2) of SL(8) x SL(2). Next we 
have the 35 roots with 77.3 = 2, which are the a^^^s and define the (35, 1) of SL(7) x SL(2) in 91^^^, so 
that md=4: = 9ld=4 © ^d=4 = C^^^ There are 7 n-s = 4 roots which, with their negative, define the 
generators of the coset sl{D - 2) Q gl{D - 3) = sl(8) gl(7). 

D = 10, IIA. As far as the type IIA description is concerned, the level to consider for the decompo- 
sition is the sum n = ni + 2n2- In this case we only have d = 1, 2, 3. There are 21 n = roots which 

are the positive roots of gl{7) ©so(l, 1), so(l, 1) being the [/-duality algebra. The a^^^ roots consist of 
the 7 roots with n = 1 and the single n = 7 root defining the SL(7) x S0(1, l)-representation 7+3 ©1_3 
in ^d=i wiiich, together with the conjugate representations in ^^=1^ complete the ^d=i = 8+3 © 8-3 
of SL(8) X S0(1, 1). Next we consider the 21 roots with n = 2 and the 7 with n = 6, whose shift 
operators generating ^^=2 transform in the 21_2 © with respect to SL(7) x S0(1, 1). These roots 
define then the a^^) and 01^=2 = ^j=2®^d=2 = 28_2e28'+2 of SL(8) x S0(1, 1). The a^^'^s consist of 
the 35 ra = 3 and the 21 ra = 6 roots defining the SL(7) x S0(1, l)-representation 35_|_i ©2l'_;^ in ^^=3 
which, together with the conjugate representations in ^^^=3, complete the ^d=3 = 56+i©56'_i. There 
are no roots with n = 5 while those with n = 8 are 7 and, with their negative, define the generators 
of the coset sl{D - 2) © gl(D - 3) = s[(8) © gl(7). 

D = 11. We end this analysis with the D = 11 case discussed in the previous Section. The relevant 
level decomposition is with respect to the root a2- With n2 = we have the positive roots of 0f(8). 
In this case we only have d = 3 and the a '^^^ -roots consist of the 56 n2 = 1 and the 28 n2 = 2 ones 
defining the SL(8) x S0(1, l)-representation 56+i © 28'_j_2 in ^d=3 which, together with the conjugate 
representations in ^^=3, completes the ^d=3 = 84 © 84'. Finally the 8 712 = 3 roots, with their 
negative, define the generators of the coset sl{D — 2) © qI{D — 3) = s[(9) © 0t(8). 
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